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Abstract 

We compute the prepotential of N = 2 supersymmetric gauge theories in four 
dimensions obtained by toroidal compactifications of gauge theories from 6 dimensions, 
as a function of Kahler and complex moduli of T 2 . We use three different methods 
to obtain this: matrix models, geometric engineering and instanton calculus. Matrix 
model approach involves summing up planar diagrams of an associated gauge theory 
on T 2 . Geometric engineering involves considering F-theory on elliptic threefolds, 
and using topological vertex to sum up worldsheet instantons. Instanton calculus 
involves computation of elliptic genera of instanton moduli spaces on R 4 . We study 
the compactifications of N = 2* theory in detail and establish equivalence of all these 
three approaches in this case. As a byproduct we geometrically engineer theories with 
massive adjoint fields. As one application, we show that the moduli space of mass 
deformed M5-branes wrapped on T 2 combines the Kahler and complex moduli of T 2 
and the mass parameter into the period matrix of a genus 2 curve. 



1 Introduction 



String theory has been rather successful in providing insights into the dynamics of super- 
symmetric gauge theories in 4 dimensions. In particular essentially all questions involving 
vacuum geometry can be settled exactly for a large class of gauge theories; all the F-terms 
are exactly computable. Topological strings on Calabi-Yau geometries have played a key 
role in this regard. In particular consideration of type IIA (and topological A-model) strings 
on local Calabi-Yau threefolds leads to exact results, via geometric engineering, to questions 
involving a large class of Af = 2 supersymmetric gauge theories in 4 dimensions [1,2]. Also 
consideration of type IIB (and topological B-model) geometries with wrapped and space- 
time filling branes leads to exact results for Af = 1 supersymmetric gauge theories [3,4], 
which is also equivalent to the matrix model realization of a perturbative window into non- 
perturbative dynamics of these theories. This approach can also be used to address questions 
involving Af = 2 supersymmetric theories, as this is a special case of Af = 1 supersymmetric 
gauge theories. There has been another approach developed recently [5] for answering F-term 
questions involving Af = 2 supersymmetric gauge theories. This involves the development of 
an instanton calculus, and can be viewed as an efficient method to do the relevant integration 
over the instanton moduli space. 

One can also ask questions about the dynamics of higher dimensional supersymmetric gauge 
theories, which will be the main focus of this paper. Moreover we will focus mainly on 
the overlap of these approaches that relate to theories with 8 supercharges. All these three 
approaches can be extended to higher dimensions and more specifically to dimensions 5 and 
6. In the geometric engineering approach to go from 4 — > 5 — > 6 one has to consider the 
chain of duality between type IIA on Calabi-Yau X with M-theory on X x S 1 and F-theory 
on X x T 2 . The latter duality requires ellipticity of X [6-8] and this gets related to the fact 
that only special 6D gauge theories with 8 supercharges are anomaly free. In the Matrix 
model approach to go from 4 — > 5 — > 6 one considers associated gauge theories in 0, 1, 2 
dimensions respectively, corresponding to geometry of point, S 1 , T 2 [9]. In the instanton 
calculus approach one replaces (for the case of Af = 2*) the measure from 1 to arithmetic 
genus x an d then to elliptic genus, in going from 4 to 5 and then 6 dimensions (the last point 
will be explained in this paper). 
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Figure 1: F-term computations for supersymmetric gauge theories from the view point of matrix 
models, instanton calculus and geometric engineering, in 4, 5 and 6 dimensions. The vertical and 
horizontal line segments on the external line of the web shown in the figure indicate gluing of those 
lines. 

We will restrict to a special class of gauge theories, namely those which do exist as anomaly 
free theories in 6 dimensions. In particular we will focus mainly on U(N) coupled with 
an adjoint matter, known as M = 2*; we also discuss as a further example how these 
generalize to the theory with 2N fundamental hypermultiplets in the terminology of M = 2 
supersymmetric theories in 4 dimensions. 

In the course of implementing these ideas we solve a number of related problems: we find 
a nice way to summarize the integrality predictions [10,11] of topological string free energy 
F in terms of the integrality of the partition function Z = expF. We also use the more 
refined information of instanton calculus [5] to shed light on the meaning of it in terms of 
curve counting for toric Calabi-Yau. We apply the topological vertex to double elliptically 
fibered Calabi-Yau (the possibility of doing this was noted in [12]) and in doing so we end up 
geometrically engineering theories with adjoint matter (A/" = 2*) on the one hand, and lifting 
theories from 5-dimensional M-theory, to 6 dimensional F-theory (with elliptic 3-folds) on 
the other. Moreover we show that, for the simplest gauge theory with gauge group U(l), 
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the relevant local model involves combining the Kahler class of the two elliptic fibrations as 
the elliptic moduli of the "two tori" of a genus 2 curve. In relating these to the instanton 
calculus approach we end up studying the (equivariant) elliptic genus on the moduli space of 
instantons on R 4 . For the case of U (1) gauge theory this gets related to the elliptic genus for 
symmetric products of R 4 . Elliptic genera of symmetric products have been studied [13] and 
it turns out that there, the double ellipticity (coming from the elliptic genus on the one hand, 
and the parameter counting the number of copies of the symmetric product on the other) 
and the appearance of genus 2 curve was already apparent. The study of elliptic genera 
of symmetric products of instanton moduli spaces in [13] was motivated by the question of 
5D black hole entropy [14] (see also [15]). As for the matrix model approach, going from 
4 — > 5 — > 6 involves changing the spectral plane from C to C* and then to T 2 . In the case 
of the Af = 2* theory with gauge group U(l), a genus 2 curve arises naturally as well. 

The organization of this paper is as follows. In Section 2 we apply the matrix model tech- 
niques to study aspects of gauge theories in 5 and 6 dimensions. In Section 3 we review basic 
aspects of geometric engineering in 4, 5 and 6 dimensions, including theories with adjoint 
matter. In Section 4 we review topological A-model strings, and the integrality structure 
of its partition function. We also discuss how to use topological vertex to compute these 
amplitudes. In Section 5 we apply topological vertex techniques to calculate prepotentials 
for gauge theories in 4, 5 and 6 dimensions. As examples we take Af = 2* gauge theories 
as well as U(N) theories with 2N fundamentals in these dimensions (for explicit example 
we take the cases of N = 1,2). In Section 6 we review aspects of instanton calculus and 
apply it to the theories under consideration. We explain how elliptic genus of moduli space 
of instantons arises in studying gauge theory questions in 6 dimensions. In Section 7 we 
relate the Af = 2* theory lifted to 6 dimensions to the deformed theory of the M5-brane, or 
NS5-brane wrapped on T 2 , but deformed with a mass parameter. We discuss the implication 
of the appearance of the genus 2 curve from this perspective. 
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2 The matrix model approach 



In this section we discuss how we can obtain results for prepotential of Af = 2 supersymmetric 
theories in 4 dimensions, obtained from compactification of gauge theories in 6 dimensions 
on T 2 using matrix model techniques [16] adapted to higher dimensional gauge theories [9]. 
The idea is to consider deformations of Af = 2 theory by an Af = 1 preserving superpotential. 
This superpotential is just a convenience which allows one to probe a particular point on the 
Coulomb branch and at the end its strength may be taken to zero [17]. Thus we start with 
a gauge theory on T 2 which encodes the superpotential of the corresponding Af = 1 theory, 
as in [9] and compute the glueball superpotential by studying the planar diagrams of that 
theory. We then extremize it to find the superpotential and the U(l) gauge theory coupling 
constants which are encoded by the geometry (period matrix) of the resolvent curve. Since 
in this paper we would be mostly interested in the Af = 2 aspects of the theory, we will 
mainly keep track of the geometry of the curve because it is a feature that survives the 
limit when the superpotential is turned off and so pertains to the Af = 2 theory [17]. We 
will consider one main example with gauge group U(N), to illustrate these ideas: Af = 2* 
(i.e. the Af = 2 theory with a massive adjoint hypermultiplet). Note that the choice of the 
gauge theory should be such that it is anomaly free for the 6 dimensional chiral theory and 
these two classes are consistent with that. These techniques can be easily generalized to 
many other examples, which we leave to the interested reader. 



2.1 Engineering the Curve from the Matrix Model 

In this section, we show how the curve for the six-dimensional theory can be engineered from 
a matrix model applying the techniques developed in [9,17]. More precisely, we will consider 
the six-dimensional U(N) gauge theory with Af = (1,1) supersymmetry compactified on a 
torus T 2 defined by 

t 2 = {y | y~y+2^(p + qp) , (i) 

where (3 is a length scale and p is the complex structure of the torus. The effective theory 
in four dimensions will be the Af = 4 gauge theory. However, we can also incorporate a 
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mass for an adjoint hypermultiplet in the compactification. If T 2 has finite volume then the 
effective theory in four dimensions with be generalization of the M = 2* theory involving all 
the Kaluza-Klein modes of the fields on the torus. 

However, if we break this effective four-dimensional to M = 1 by adding an arbitrary super- 
potential for the one massless adjoint chiral multiplet then we can use the higher-dimensional 
generalization of the holomorphic matrix integral approach, described in [9], to find the ef- 
fective superpotential. In other words, we need to generalize [18], which considered the 
five-dimensional lift of the M = 1* theory, to the six-dimensional lift. Correspondingly, we 
have to lift the matrix quantum mechanics to a two-dimensional matrix field theory, i.e. a 
two-dimensional gauge theory. 

From the point-of-view of the effective four- dimensional theory there are 3 adjoint chiral 
fields $j, i = 1,2,3. One of the fields, say $3, is now interpreted as the holomorphic 
component of the six- dimensional gauge field along the compactification torus. According 
to the general procedure of [9], after breaking to Af = 1, the superpotential of the effective 
four- dimensional theory is determined by a two-dimensional gauge theory involving the fields 
&i(y, y) and defined by the partition function 



i=i 
where g s is a coupling constant. The action of the matrix model is a generalization of the 
one that describes the M = 1* deformation of the four dimensional theory [19,20]: 



where the covariant derivative is -Dg$2 = + [$3? $2]- If we want to engineer the Seiberg- 
Witten curve of the six- dimensional theory on a torus, then the potential ^($3) has to be 
chosen to be suitably generic in order that its critical points allow one to track across the 
Coulomb branch of the M = 2*. At the end, the strength of ^($3) can then be taken to 
zero and results regarding the M = 2* theory are obtained. We will make a suitable choice 
for ^($3) later. 

In order to complete the description of the theory we need to specify the measure for the 
integrals in (T5]). Part of the matrix model approach involves interpreting the integrals in a 




W($i) = TrfaDgQz + m$i$ 2 + V{$ 3 )) 



(3) 
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holomorphic way. To be concrete, we can subject the matrices to particular reality conditions. 
In the present case, we take = $2, or equivalently $1 + $2 and z($i — $2) are Hermitian. 
In particular, the measure for the latter combination of fields is the appropriate measure 
for Hermitian fields. The gauge field component $3(2/, y) is treated in a somewhat different 
manner since it is the anti-holomorphic component of a gauge field on T 2 . First of all, local 
gauge transformations on the torus can be used to transform $3 into a constant diagonal 
matrix: 

UDyU- 1 = diag(0 1 ,...,0 JV ) . (4) 

This fixes all of the gauge group apart from permutations of the diagonal elements and large 
gauge transformations on the torus T 2 in the abelian U(1) N subgroup. These latter group 
elements are 

Ui = exp [—{(Pi + pQi)y - (Pi + Qip)y)) , Pi, qitz (5) 

for i = l . . . , N. These transformations have the effect of shifting 

2m 

<Pi^<Pi + —{Pi + Qip) • (6) 

In other words, the <pi are naturally defined on the dual to the compactification torus which 
we denote T 2 : 

2ni 

T 2 = {x | x~x + —(p + qp) , p,qeZ}. (7) 
This torus also has a complex structure p. 

Following the logic of [21,77,78], we integrate out the fields and & 2 (y,y) since they 

appear Gaussian in (T5]) and gauge fix $ 3 in the way described above. We end up with a 
(zero-dimensional) matrix integral involving the quantities 4>i. 

^/n*DSrb exp (-^tn«), (8) 

i=l \ y i i = \ 

where v is the volume of T 2 . The determinant in the numerator is the gauge-fixing Jacobian 
while the one in the denominator arises from integrating out $1,2- For consistency, we now 
see that the probe potential V(4>) must respect the double-periodicity of the torus T 2 (EJ): 

2ni 

V(x) =V(x + — (p + qp)) , P,qeZ. (9) 
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It is straightforward to evaluate the ratio of determinants in (jSJ). To start with, consider the 
simplified quantity 

Det(dy + C) , (10) 
where C is a constant. Take the eigenvalue equation 

(dy + C)^(y,y) = \^(y,y) . (11) 

The eigenvectors and eigenvalues can be found explicitly: 

ip{y,y) =exp ( — ({p + qp)y- (p + qp)y)) p,qEZ, (12) 

and 

27T? 

X = C+—(p + qp). (13) 

Therefore the determinant, up to an infinite factor which will cancel between the denominator 
and numerator in ([8]), is 

Bet(dy + C) ~ J] (C + ^(p + qp)) . (14) 

Using the identities 

oo oo 

sina; = x JJ(1- J^) , e 1 (z\r) = q 1/4 e lz JJ(1 - q 2n )(l - q 2n ~ 2 e~ 2iz ){\ - q 2n z 2iz ) (15) 

n=l n=l 

we can write the ratio of the determinants in in terms of elliptic theta functions: 

(16) 



Det'(.Dy) 






Det(Dy +m) 




f m)\p) 



up to a 0j independent multiplicative factor. 

Now we are ready to perform a large-iV saddle-point evaluation of the remaining matrix 
model around a critical point. In order to engineer the Seiberg-Witten curve for this theory, 
V(x) must have at least iV critical points. Given this, one expands around a critical point 
where there is one eigenvalue <pi in a subset of iV of the critical points. We will make 
a convenient choice for V(x) later. As usual in the matrix model we replace iV — > N 
and introduce a degeneracy iVj at each of the N critical points inhabited by a field theory 
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eigenvalue. We then take the limit iVj — > oo, g s — > with = g s iVj fixed. In the large-iV" 
limit, the eigenvalues fa form a continuum and condense onto N open contours on the dual 
torus T 2 . We define these contour by specifying the end-points: 

Ci = [<nM- ( 17 ) 

We also define the union 

N 

C = (Jb. (18) 

i=i 

The configuration is described by the density of eigenvalues g(x), a function which has 
support only along the N contours, and which we normalize according to 

J g(x)dx = 1 . (19) 

The saddle-point equation is most conveniently formulated after defining the resolvent func- 
tion 

u(x) = Jdy e (y)d x \oge 1 (§ i (x-y)\p) . (20) 
This function is a multi- valued function on the torus T 2 , 

lu(x + 2m IP) = u(x) , iv 2 (x + 2mp/(3) = u(x) - (3' 1 , (21) 

except cuts along the N contours C«. The matrix model spectral density p(x) is then equal 
to the discontinuity across the cut 

u (x + e) - uj(x - e) = 2nig(x) , xeC. (22) 

In this, and following equations, e is a suitable infinitesimal such that x±e lies infinitesimally 
above and below the cut at x. The saddle-point equation expresses the condition of zero 
force on a test eigenvalue in the presence of the large- N distribution of eigenvalues along the 
cut: 

vV'(x) 

— - — = iv(x + e) + iv(x — e) — tv(x + m) — oo{x — m) , x G C . (23) 
This equation can be re-written in terms of the function 

G(x) = U{x) + iS(u(x + f ) - oo{x - f )) , (24) 




Figure 2: The cut torus on which G(x) is defined for the case N = 3. Each pairs of cuts is 
identified. The cycles Ai and Bi, i = 1,...,N are associated to each pair of cuts and j4tv+i and 
B]y + i are the cycles of the torus T 2 . 

where U(x) is determined by the finite-difference equation 

U{x + f ) - U{x - f ) = ivV'(x) . (25) 

From its definition, one can see that G(x) is now single- valued on T 2 with N pairs of cuts 

Ct = [a l ±f,b l ±f] . (26) 

This is illustrated in Fig. [2j In terms of G(x), the matrix model saddle-point equation (J23l) 
is 

G{x+f±e) = G(x-fTe) xeC. (27) 

These equations can be viewed as conditions which glue the top (bottom) of Cf to the 
bottom (top) of its partner C f ~. This generates a handle as illustrated in Fig. In other 
words G(x) naturally defines a genus N + 1 Riemann surface S mm defined as the torus T 2 
with iV pairs of cuts Cf which are glued together in pairs to create iV additional handles. 

It appears that the resulting Riemann surface has 2N moduli provided by the positions 
{cLi,bi} of the ends of the cuts Cj. In fact, let us call M the moduli space of surfaces 
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Figure 3: The top (bottom) of Cj is identified with the bottom (top) of Cj . The figure shows how 
this generates a handle in the surface on which G(x) is defined. 

defined in this way with (complex) dimension dim M = 2 iv[j] However, the requirement that 
a meromorphic function G(x) exists on the surface with a suitable polar divisor actually 
means that the actual moduli space of the matrix model curve is only an iV (complex) 
dimensional subspace M mm C M. To see this notice that V'(x) has by hypothesis at least N 
zeros and hence a polar divisor of order at least iV on the torus T 2 . This can be arranged, 
for example, by taking U(x) to have a pole of order N + 2 at a single point xq on the torus 
T 2 . It follows that V'(x) will have a polar divisor of order 2N + 4 and hence have 2N + 4 
zeros. The reason for this choice is purely based on convenience as will emerge shortly. We 
can write our choice for U(x) explicitly as 

Note that this function is single- valued on T 2 . With the above choice, G(x) must also have 
a pole of order iV + 2 at xq on S. For generic Xq, the Riemann-Roch Theorem, guarantees 
that G(x) will be unique up to an overall scaling. Hence, matching the singular part of 
G(x) with U(x) at Xq leads to iV conditions on the moduli of the surface. Consequently, the 
dimension of the moduli space of matrix model curves M mm is iV as claimed. Of course, the 



1 We count all dimensions as complex. 
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same counting of moduli will also work for other choices of U(x) for which V'(x) has at least 
N zeros, but our choice was a convenient one. 

The N moduli of the surface are encoded in the quantities Sj = g s Nj which can be expressed 
as the following contour integrals: 



Sj = S [ dx q{x) = — — (£ dxu(x) = — — (f 
Jc t 2m J Aj 2tt J Aj 

where Aj encircles the cut C + as in Fig. [2j 



G(x)dx , j = l,...,N, (29) 



The other ingredient required to determine the glueball superpotential of the six-dimensional 
QFT compactified on the torus is the variation of the genus zero free energy Tq of the matrix 
model in transporting a test eigenvalue from infinity to one of the original N cuts Cj. This 
is obtained by integrating the force on a test eigenvalue, which can be expressed in terms of 
the function G(x) as 

- i(G{x + f) - G(x - f)) , (30) 

from infinity to a point on the cut Cj. This can be written as an integral of G(x) itself along 
a contour starting at a point on the lower cut Cj going off to infinity and then back to a 
point on the upper cut Ct. This can be deformed into the contour running from a point 
on C~ to the image point on Cj~ related by a shift in x by m. Since the 1-form G(x)dx is 
single-valued on E mm this integral is in fact around the closed cycle Bj on E mm conjugate to 
the cycle Aj defined above: see Fig. [2] Hence, 



dSj 



i <b G(x)dx , j = 1,...,N . (31) 



According to the matrix model approach [3,9,16,21], the effective glueball superpotential in 
this vacuum where the degeneracies are iVj = 1 is given by 

N r)T 

w*{Si) = J2{di- 27TirS » ( 32 ) 

j=l 1 

where r is the usual complexified coupling of the supersymmetric gauge theory in four 
dimensions. 
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A critical point of W e s(Sj) corresponds to 



EjJ| = 2 - * = 1,...,". (33) 

7 = 1 J 



X 



This equation can be written in a more suggestive way by noticing that uj = — ^-^-G(x)d. 
j = 1, . . . , N are a subset of the holomorphic 1-forms on E mm . The reason is that the singular 
part of G(x)dx at Xq depends only on U(x) and so is manifestly independent of the moduli 
{Sj}. Furthermore, the Uj are normalized so that 

d> u k = 5 jk . (34) 

JA j 

Hence 

d 2 T f 

dSkd ° s , =2ni j> u k = 2mU jk , (35) 

where IL^ are elements of the period matrix of E mm excluding the last row and column. 
Consequently the critical point equations are 

N 

J2 U jk = r k = l,...,N. (36) 

Given that M mm is N- dimensional, these N conditions completely fix the geometry of the 
Riemann surface E mm in terms of the parameters of the probe potential V(x). 

The remaining elements of the period matrix II are fixed in the following way. Notice that 
the remaining holomorphic 1-form ujn+i is identified with (3dx/(27ri) since 



r 2rci 

dx = , j = 1, . . . , N , f dx = — . (37) 

Ja n+1 P 



Hence 



m 

f (3 f x+ ~2 (3m 



while 

t>2mp/(3 



rijv+i,Ar+i = f ^n+i = — / dx = p . (39) 
Jb n+ i 2m J 



Hence, the period matrix of E mm at a critical point is 



n 



lljVl • • • i-i-NN 

(3m (3m 
2m' 2m 



0m\ 
2m 




N 


(3m 


• En 


2m 




P J 





ik = r. (40) 
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2.2 Extracting the Seiberg-Witten curve 



We now show how to extract the Seiberg-Witten curve for the compactified six-dimensional 
theory S. The idea is that this curve at some point in its moduli space is simply identified 
with the matrix model curve S mm . By changing the potential we can move around in the 
moduli space of the curve E. In other words, the Seiberg-Witten curves £ are the curves in 
M subject to the N conditions ( |36j) . 

The crucial observation is that the curve £ admits the two multi-valued functions. Firstly, 
the critical point equations ( |33l) imply that z defined by 

„P N 

z{p)= / j^^^ ( 41 ) 

JPo j=1 

for an arbitrary point Pq, is a multi- valued function on S mm with 

Aj : z — > z + 1 , Bj : z — > z + r , j — 1, . . . , N 
An+i '■ z — > z , B N+ i : z — > 2 + . 

In addition to this we also have the multi-valued function x 



(42) 



x{P) = ^- f P u; N+1 , (43) 



27TZ I pi 
U 

defined with respect to some other, possibly different, base point Pq; with 

Aj : x — > x , : x — >• x + m , j — 1, . . . , N 

2ttz 27ri (44) 

Aat +1 : x -> x + — , Eat+i : x -> x + — p . 

From these monodromy properties it follows that £ is holomorphically embedded in a slanted 
4-torus T 4 . Introducing complex coordinates for C 2 

zi = z , z 2 = -—x , (45) 
Zm 

then we can write 

■l 



T 



i 



j Zi eC 2 Zj ~ Zj + fi ia p a , p a G z| , (46) 



a=l 
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Figure 4: On the left, the surface S realized as the cut x-torus T 2 . The cuts in each of the N 
pairs are separated by m and are glued together as in Fig. [3l On the right, an impression of the 
surface realized as ./V handles on the x-torus. 

where the 2 x 4-dimensional period matrix is 



In fact, the form of the period matrix implies that T 4 is an abelian surface, or 2-dimensional 
abelian variety [22,23]. 

We can picture the curve in two ways. Firstly, as already presented in the matrix model, as 
a torus in the x-plane with periods (2ni/(3, 2mp/f3) and with N pairs of cuts across which x 
jumps by ±m whose edges are identified to create a handle as in Fig. [31 This is illustrated in 
Fig. HI The second representation consists of iV copies of a torus in the z-plane with periods 
(1, r) joined by iV — 1 branch cuts. On the face of it, such a surface would have genus N 
but on one of the sheets there is a pair of cuts across which z jumps by ±N/3m/ (2m) whose 
edges are identified to create an extra handle. This is illustrated in Fig. [H 

Since T 4 is an abelian surface, it turns out that there is an explicit realization of the curve 
in terms of generalized theta- functions associated to T 4 [22]. In our conventions, these are 
defined as 




(47) 



6 (Z\U) = ex P (™(m + 6) -U- (rn + 6) + 2m(Z + e) ■ (m + 5)) . (48) 



mezs 
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Figure 5: On the left, the surface E realized as N copies of the z-torus connected by N — 1 branch 
cuts. On one of the sheets there is an additional pairs of cuts separated by N (5m/ '(2m) which are 
glued together as in Fig. On the right, is an impression of the surface illustrating the N copies 
of the z-torus plumbed together along with the additional handle on one of the sheets. 

In this definition, Z, 5, e and m are ^-vectors and II is a g x g matrix. In the present case, 
g = 2 and the curve can then be written as§ 



The coefficients Aj are moduli of the curve. Since the overall scale of the Aj is unimportant, 
the moduli are actually valued in P N_1 . There are two other moduli corresponding to 
moving the curve as a whole in T 4 . In all there are N + 1 moduli which matches the number 
of moduli of the matrix model curve when we include Pq the arbitrary fixed point in the 
definition of z in (I4TI) . It can be shown that £ is in the homology class dual to 



where y a are real coordinates, < y a < 1, with Z{ = J2 a= i^i a y a - This is interpreted 
as meaning that the curve is wrapped iV times around the z torus and once around the 
x torus, as in clear from Figs. H] and El Similar curves which wrap k times around the 
2 For more details, see [24]. 




(49) 



Ndy l A dy 3 + dy 2 A dy A , 



(50) 
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x torus describe the U(N) k quiver theories in six dimensions. It is interesting to note 
that the construction of our curve is identical to the curve that appears in [25] describing 
instantons in non- commutative gauge theory on T 4 . The relation between the two problems 
can be made by compactifying our effective four- dimensional theory down to 3 dimensions, in 
other words the six- dimensional theory is on a 3-torus [26]. This is precisely the philosophy 
of [27] which formulates the problem of finding the vacuum states of the theory when broken 
to M = 1 in terms of equilibrium configurations of an integrable system [28]. This line 
of thinking leads to the question of what integrable system lies behind the compactified 
six-dimensional theory which generalizes the iV-body elliptic Calogero-Moser system, for 
the four-dimensional theory, and the iV-body elliptic Ruijsenaars-Schneider system, for the 
compactified five- dimensional theory? It turns out that the resulting system is not the 
"doubly elliptic system" of [29,30], rather it is an iV-body system where the momenta and 
positions (qi,Pi) as complex 2-vectors lie in the 4-torus T 4 [24]. 



The form of the curve (1491) can be re-caste in the following way which makes the reduction 
to five and four dimensions more immediate [24]: 



oo 1 

E^(^T dn M^nm = o, (si) 

where 



n\ \2niJ 

n=0 



N 

H(x) = l[6 1 {i- i (x-Q)\p) . (52) 

Here, Q are N of the N + 1 moduli and the remaining one corresponds to shifting z by a 
constant. To go from the six to the five- dimensional curve one takes p —> ioo in which case 

JV 

H(x) JJsinhf(x-Ci) , (53) 
and from the five to the four- dimensional curve one takes /3 — > giving rise to 

N 

H(x) - \[{x - CO • (54) 
i=i 

The curve of the four- dimension theory is identical to the curve described by Donagi and 
Witten [31]. It is well-known that this is the spectral curve of the iV-body elliptic Calogero- 
Moser integrable system [32,33]. The curve of the five-dimensional theory can be shown to be 
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the spectral curve of the Ruijsenaars-Schneider integrable system as predicted by Nekrasov 
[34] . The relation between this integrable system and the matrix quantum mechanical system 
has already been established in [18]. 

The form of the curve (!5l|l is very natural from Type IIA/M Theory elliptic brane construc- 
tion [35]. Using the representation 

O^zlr) = J2(-l) n - 1/2 e i7rr{n+1/2)2 e i{2n+1)z (55) 

neZ 

( 1BT|) can be written 

J2(-l) n - 1/2 e lnTin+1/2)2 e l ^ n+1)nz H(x + m(n + 1/2)) = . (56) 
nez 

For the four- dimensional case where H(x) = YliLi( x ~ d) we recognize z and x with the 
spacetime coordinates as follows 

z — (xio + ix G )/Rio , x = x A + ix 5 , (57) 

where Riq is the size of the M-theory circle. The parameters Q are nothing but the positions 
of the N D4-branes and the curve takes account of the periodicity in the xq direction by 
including an infinite set images each shifted by an integer multiple of m which identifies m 
as the hypermultiplet mass. The five and six-dimensional curves result from compactifying 
x = x 4 + ix 5 on a circle and torus T 2 , respectively. The replacement H4 D (x) — > H 5D (x) — > 
H(>d{x) takes account of the compactification by including all the images of the D4-branes. 

To summarize, the Seiberg-Witten curve of the six-dimensional M = (1, 1) theory compact- 
ified on a torus is a Riemann surface embedded holomorphic in the abelian surface. In the 
M-theory formulation, the M5-brane is wrapped on this Riemann surface. 

3 Geometric engineering of gauge theories 

Calabi-Yau manifolds have played an important role in the study of supersymmetric gauge 
theories in various dimensions. The geometry of CY3-folds has been the source of important 
insights for gauge theories. The geometries we will consider in this paper give rise to gauge 
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theories with U (N) gauge group and fundamental or adjoint hypermultiplets via geometric 
engineering as we will explain later. In this section we will review the geometric engineering of 
four [1,2], five [36-39] and six [7,8] dimensional SYM gauge theories with eight supercharges 
from CY3-folds. The basic idea is to use F-theory compactification on elliptic threefolds 
times T 2 , and its equivalence to M-theory on the 3-fold times an S 1 and type IIA on the 
3-fold. Moreover one has to choose special threefolds which admit appropriate loci of A N ^i 
singularities, to engineer U(N) gauge theories with some matter content encoded by the 
geometry. We will also solve a puzzle in the geometric engineering approach by showing 
how theories with massive adjoint matter can be engineered. In order to motivate this it is 
convenient to also review the (p, q) 5-brane web construction of some of these theories [40] and 
how to realize adjoint matter in the brane constructions [35] and reading off the equivalent 
CY geometry from the resulting webs [39]. 

3.1 A/" = 4L> = 4 

Let us begin by considering the well known case of pure U (N) gauge theory with Af = 4 
super symmetry. Type IIA superstrings in the background of A^-i singularity inside a K3 
realizes U (N) gauge theory with 16 supercharges in 6 dimensions. The D2 branes wrapped 
over the 2-cycles of the blown up geometry realize the charged fields of the vector multiplet. 
Type IIB on the Aw-i singularity leads to tensionless strings and is equivalent to N copies 
of NS5-branes of IIA [41]. Now, consider compactifying type IIA strings in the background 
of A/v-i to 4 dimensions. Depending on how the A^-i geometry is fibered over the extra 2 
dimensions we get various kinds of gauge theories. 

If we consider a trivial fibration on T 2 we get M = 4 supersymmetric theory in 4 dimensions. 
The gauge coupling constant in 4 dimensions is given by the volume of T 2 . Note that this 
is also equivalent to type IIB on the same geometry by doing a T-duality on T 2 exchanging 
Kahler and complex structures on T 2 . The Montonen-Olive duality is realized in this context 
by the modular group SL(2, Z) acting on the complex structure of T 2 . Perhaps the most well 
known way to realize this theory is on a set of N coincident D3-branes in flat space. By a 
chain of dualities this configuration of D3-branes is related to the set of type IIA NS5-branes 
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wrapped on a T 2 . 



The prepotential of this 4D theory gets only classical contributions which, in terms of ge- 
ometry of Ajv-i, is proportional to the triple intersection numbers of the 4-cycles, which 
include 2-cycles of A^-\ times T 2 . To see this note that /^(Aw-i, Z) is isomorphic to the 
root lattice of A^_i Lie algebra. The holomorphic curves in A^_ 1 2-fold are in one to one 
correspondence with positive roots of An~i algebra. Let us denote by a« the moduli of the 
Coulomb branch such that YliLi °i = and by fa = ai — a i+ i the area of the curve F 
corresponding to the i th simple root, 1 < % < N — 1. The intersection number of Fj is given 
by the Cartan matrix A,^ i.e. , 

F-F = -2, F-F m = l, t = l,...,N-2. (58) 

Then the prepotential is given by 

J==\F-F, F = Y t fa(A- 1 ) ij F j . (59) 

Thus the geometry of the 2-fold encodes the prepotential is a simple way. This is also holds 
for Af = 2 4D theories: the classical contribution to the prepotential is given by classical 
intersection numbers of the CY geometry. In the case of Af = 4 the classical result is exact. 

3.2 M = 2, D = 4 pure SU(N) theory: 

After this brief review of Af = 4 theory let us consider Af = 2 4D pure SU(N) theory. 
The engineering of an Af = 2 SU(N) gauge theory requires a singularity of A N ^i type to 
produce the appropriate gauge symmetry and another two dimensional space over which 
A N ^i is fibered to get four non-compact dimensions. However, the 2D space cannot be 
arbitrary since the total space has to be CY3-fold. In the case of Af = 4 this was T 2 and 
the CY3-fold was a product A^-i x T 2 space. To break supersymmetry down to Af = 2 
(eight supercharges) the surface should have no holomorphic one forms and therefore has to 
be a P 1 . However, the total geometry cannot be a product of A^-\ and P 1 anymore since 
it is not Calabi-Yau threefold. To obtain a CY3-fold the is fibered non-trivially over 

the P 1 . The details of the Af = 2 theory obtained by type IIA compactification on such a 
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CY3-fold depends on the way An-i is fibered over the P 1 . In the 4D field theory limit, which 
we will describe later, all such 3-folds give the same theory after appropriate identification 
of parameters. 

This theory can also be realized using NS5-branes similar to the case of M = 4. In this case 
the NS5-branes are wrapped on P 1 inside T*P X iO{—2) bundle over P 1 , (Fig. [6])). 




Figure 6: Realization of pure N = 2 D=4 theory on the worldvolume of N NS5-branes wrapped 
on a P 1 (inside T*Y* 1 ) (a) and its dual description in terms of A^-i fibered CY3-fold (b). 

The four dimensional field theory limit is obtained by taking the string scale to infinity. By 
the relations of the base and fiber Kahler parameters to the gauge coupling and W-boson 
masses, these parameters must be scaled as [1] 

Q b := e~ Tb = y N , Q F% := e~ T ^ = e^"^ i = 1, . . . , N - 1 , (60) 

where denotes the volume of the base P 1 and Tp i denote the volumes of the fiber P^s. A 
in the above denotes the quantum scale in four dimensions, a« are the moduli of the Coulomb 
branch and the parameter /3 is introduced such that the four dimensional field theory limit 
corresponds to (3 — > 0. 

The M = 2 prepotential has both ldoop perturbative and non-perturbative (instanton) 
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contributions, 

oo 

<F J~ classical 3~ 1-loop 

+ ^c fc (a 4 )A 2Affc . (61) 
k=i 

In the geometric engineering picture this is obtained from the genus zero topological string 
amplitude of the CY3-fold on which type IIA string theory is compactified. By considering 
(|60|) . it then becomes clear that the k-th gauge instanton contributions stem from worldsheet 
instantons that wrap the base P 1 of our geometries fc-times. As we will discuss later the 
instanton contribution are encoded in the classical geometry of type IIB on the mirror Calabi- 
Yau, which in turn is equivalent to NS5-branes compactified on a Riemann surface £ [42]. 
This can also be viewed, from the M-theory perspective as M5-brane with worldvolume of S. 
In the next section we will review the brane construction that directly leads to the M5-brane. 

Brane description: The D-brane construction of this theory is well known [35] and involves 
D4-branes and NS5-branes. Consider type IIA string theory with two NS5-branes and N 
D4-branes. The NS5-branes are extended in the x ' 1 ' 2 ' 3 ' 4 ' 5 directions, being located at equal 
values in x 7,8 ' 9 and separated in the x 6 direction by a distance L. The D4-branes span 
the x ' 1,2 ' 3 and x 6 directions, being finite in the x 6 direction in which they are suspended 
between the NS5-branes as shown in Fig. [7J When the D4-branes are coincident the effective 

D4-branes 



i 
i 
i 
i 



NS5-brane NS5-brane 

Figure 7: The brane configuration giving rise to four dimensional pure N = 2 U (N) theory. 

worldvolume theory is D = 4 M = 2 SU (N) gauge theory with coupling constant given by 
1/L. The picture of the geometry shown above is only approximate and is a good description 
for small g s since in this limit we can ignore the effect of D4-brane ending on the NS5-brane. 
In general the NS5-brane will get curved due to the D4-brane. In this limit it is more useful to 
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lift the above configuration to M-theory and so that the above configuration of D4-brane and 
NS5-branes becomes a single M5-brane wrapped on a Riemann surface (the Seiberg-Witten 
curve) of genus N — 1 given by 

N 

2/ 2 = II(*-^) 2 - 4 (i) 2JV - ( 62 ) 
i=i 

Five dimensional: As mentioned before in the field theory limit (/3 —>■ 0) all CY3-folds 
which are given by fibration over P 1 give the same four dimensional field theory. 

However, it is possible to distinguish between these different CY3-folds if we instead consider 
the five dimensional SU(N) gauge theory obtained via M-theory compactification on the 
same Calabi-Yau times an S 1 . The parameter j3 gets identified with the perimeter of S 1 . 
Recall that in this case these different CY3-folds are distinguished by the Chern-Simons 
coefficient, k, of the five dimensional theory i.e. , the coefficient of the term 

TtA A F A F , (63) 

R 5 

where A is the gauge field and F is the corresponding field strength. The cubic part of 
the prepotential of the five dimensional SU(N) gauge theory with Chern-Simons coefficient 
k, in the limit j3 — ► oo, is given by the triple intersection numbers of the corresponding 
CY3-fold [38], 

•^D bic = i[E M*- 1 )^] 3 = !5> 3 + !5>*- «i I 3 • ( 64 ) 

i,j i i>j 

Si are the various non-trivial 4-cycles in the CY3-fold. The Chern-Simons coefficient takes 
values from —N to +iV. The geometry of the corresponding CY3-fold can be seen easily 
from the toric diagram or the corresponding dual web of (p, q) 5-branes of type IIB [39, 40] 
(Fig. [8]). Recall that for non-compact toric threefolds the five dimensional theory obtained 
via M-theory compactification is dual to the five dimensional theory living on a (p, q) 5-brane 
web in type IIB. This is a consequence of the duality between M-theory on T 2 and type IIB 
on a circle. Since the non-compact toric CY3-folds have a T 2 fibration which degenerates on a 
planar tri-valent graph therefore using the M-theory/IIB duality adiabatically one can replace 
the degeneration locus with 5-branes. The (p, q) charge of the 5-brane is determined by the 
degenerate cycle of the T 2 . Holomorphicity of the CY3-fold implies that the orientation of 
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,0) 



a) b) 

Figure 8: (p, q) 5-brane web (a), and the corresponding toric diagram (b), which realizes five 
dimensional pure M = 1 theory with Chern-Simons coefficient k. 

the 5-brane is correlated with its charge i.e. , (p, q) 5-brane is oriented in the direction (p, q) 
(for type IIB coupling constant r = i). This web diagram can be obtained directly from the 
toric diagram as its dual. 

As an example consider the case of 0{— 1) © 0(— 1) over P 1 . This is a non-compact toric 
3-fold with one Kahler parameter, the size of the P 1 , which we will denote as r. The linear 
sigma model description [43] of this geometry is given by 

|$i| 2 + |$ 2 | 2 -|$3| 2 -|$4| 2 = r, (65) 
($!, $ 2 , $3, $ 4 ) ~ ($ie"\ $ 2 e"\ $ 3 e- ia $ 4 e- ja ) . 

The base of this geometry parameterized by (|$i| 2 , |$3| 2 , l^l 2 ) is shown in Fig. [J^a). The 
base is the three dimensional convex region bounded by the planes Pi,2,3,4- These 2 dimen- 
sional planes Pi, P2, P3, P4, are given by $4 = 0, $2 = 0, $3 = and $1 = respectively. We 
can project this geometry onto a two dimensional plane and since the locus where the various 
planes intersect each other has a degenerate T 2 we see that in the two dimensional plane the 
(p, q) cycle of the T 2 fibration degenerate over line which is projection of the intersection 
of two planes and is oriented in the (p, q) direction. This is the corresponding web diagram 
and is shown in Fig. Mjo). 
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Figure 9: The linear sigma model description of the base of the deformed conifold in Ri. (a) and 
the corresponding web in in R 2 (b). 

The various geometries which give rise to SU (3) five dimensional gauge theory are shown in 
Fig. Unfa). 




Figure 10: The web diagram of various CY3-fold geometries which realize the five dimensional 
pure U (3) theory. 

For a more concrete connection with the four dimensional gauge theory consider compacti- 
fying the five dimensional theory on a circle of radius (3. Then for small (3 it is more useful 
to lift the web of 5-branes to M-theory on T 2 (with the area of T 2 equal to 1//?) such that 
the web becomes a single M5-brane wrapped on a Riemann surface S. The Riemann surface 
£ is embedded in R 2 x T 2 where R 2 is the plane in which the original 5-brane web lived 
and T 2 is dual to the circle of type IIB. The Riemann surface £ is given by just thickening 
the original graph of the web and its equation can be read easily from the toric diagram, 

Y + a^ + P N (X) =0, X,YeC\ (66) 

where P/v(X) is a polynomial of degree N. This Riemann surface actually is the non-trivial 
part of the CY3-fold which is mirror to the CY3-fold which geometrically engineers the five 
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dimensional theory via M-theory compactification. To see this note that the mirror of the 
CY3-fold [42,44,45] with toric diagram given by Fig. Mjo) is 

F{X,Y) :=Y + e~ tB ^f^ + P N {X) = uv , X, Y e C* , u, v G C . (67) 

The Calabi-Yau can be viewed as C* fibration over the X, Y plane where the circle fibration 
degenerates over the Riemann Surface F(X, Y) = 0. The periods of this CY3-fold reduce 
to integrals of a 1-form over 1-cycles of E. The complex structure parameters of the mirror 
CY, the complex coefficients in the above equation, are related to the Kahler parameters ts 
(size of the base P 1 ) and tp. (size of the i-th fiber P 1 ). The geometry of the degeneration 
of the circle fibration maps this to the geometry of type IIA NS5-brane wrapped on the 
same Riemann surface [42], which can then be lifted up to an M-theory M5-brane. Thus we 
see that the M5-brane wrapped on the mirror Riemann surface gives the compactified five 
dimensional theory. This Riemann surface becomes the Seiberg-Witten curve if we redefine 
the variables X, Y suitably in the field theory limit. For this note that we can write the 
equation of the mirror Riemann surface as 

N 

y 2 = Y[{X -e^) 2 -4e~ tB X N ~ k . (68) 

Now define 

X = e? x , = e ^- a ^ , e~ tB = (^) 2N . (69) 

then in the limit (3 — > (4D limit) the equation of the mirror Riemann surface becomes the 
equation for the SW curve, 

N 

2/ 2 = n^- a M + i) 2 -4(|) 2Ar • (70) 

Note that since X was a C* variable, x takes value on a cylinder of radius 1/(3. Thus in the 
limit (3 — > 0, x becomes a C variable. Also the integer k has disappeared from the equation 
reflecting the fact that in this limit the geometries becomes equivalent. From Eq. ( 1691) it is 
clear that in the limit of four dimensional theory the base P 1 grows and the fiber P 1 shrink 
with a scaling given by ( 1601 . 
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3.3 M = 2, SU(N) with N f = 2N 



Once pure SU(N) gauge theory has been engineered it is relatively simple to modify the CY3- 
fold geometry to include hypermultiplets in the fundamental representation. A fundamental 
hypermultiplet of mass m appears in the gauge theory if we blowup the CY3-fold of the pure 
SU(N) gauge theory such that the mass of the hypermultiplet m is proportional to the area 
of the blown up curve. 

Let us begin by considering the case of 5-dimensional U(l) theory with Nf = 2. The 
geometry giving rise to pure £7(1) theory is that of resolved conifold i.e. , the total space of 
O(-l) © O(-l) bundle over P 1 . The size of the P 1 , t, is proportional to the length of the 
internal line as shown in Fig. [TlT a) and is inversely proportional to the gauge theory coupling 
constant. To introduce fundamental hypermultiplets we need to blow up this geometry at 
two points as shown in Fig. fTTlfb). In this case the 4 dimensional field theory limit is given 




Figure 11: a) O(-l) © O(-l) bundle over P 1 , b) blow up of O(-l) © O(-l) bundle over P 1 at 
two points. 

by 

e -t a = e -Pm a ^ q=e -P } p^O, (71) 

where m 12 is the mass of the two hypermultiplets in the 4 dimensional field theory and 
ti t 2 is the area of the blown up rational curves. If we do not take this limit we obtain five 
dimensional theory compactified on a circle of size (3. 

Generalization to 5-dimensional U(N) with matter is straightforward. All we have to do is 
blow up the geometry giving rise to pure U(N) theory at Nf points as shown in Fig. H2Tb) 
for the case Nf = 2N. The corresponding (p, q) 5-brane web in type IIB is shown in 
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Fig. [T2Ta) and consists of intersecting D5-branes and NS5-branes. This is the case when 
the hypermultiplets have zero mass. To introduce non-zero mass one has to resolve the 
intersection locus of D5-brane and the NS5-brane. In terms of CY3-fold geometry each 
exceptional curve generated by the blow up gives rise to a fundamental hypermultiplet such 
that the mass of the hypermultiplet is proportional to the area of the corresponding curve. 
The limit of 4 dimensional field theory is given by 

T — T — T (!> N ) 
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(0,0) (1,0) 

a) b) 

Figure 12: a) The web diagram of the geometry relevant for five dimensional U(N) theory with 
Nj = 2N, b) the corresponding toric diagram and c) the flop transition reflecting the choice of the 
triangulation of the toric diagram. 

e ~n = (§AfN-N f ? e -T Fi = e -P( ai -a i+1 ) ? £ -t a = e -f3m a ? a = ^ . . . ? ^ , (3 -> 

where t a is the area of the a th exceptional curve generated by the blow up. 

From the toric diagram, Fig. [T27 b). it is clear that there are AN distinct triangulations of the 
diagram. Different triangulations of the toric diagram give geometries related to each other 
by flop transitions. In the web description this corresponds to two possible resolutions into 
tri-valent graph at each of the 2N points where the (1, 0) line meets the (0, 1) line. In the 
gauge theory language this is given by the choice of the sign of the mass term. Thus for zero 
size of the blown up P 1 the geometry is unique. The case of SU(2) is illustrated in Fig. [13j 
The various geometries which give rise to SU(2) theory (Fig. [151(a)) are related to the same 
geometry (Fig. HBlfb)) by flop transitions once four points have been blown up. In all these 
case the classical part of the prepotential is given by the triple intersection numbers of the 
corresponding CY3-fold. 
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a) b) c) 



Figure 13: a) The web diagrams of the CY3-fold which realize pure 5D U (2) theory, b) its blow up 
at four points for a particular choice of the triangulation and c) the unique web diagram obtained 
by blowing up four points with zero area. 

6D Theory: In the previous section we saw that 4D theory can be obtained as a limit 
of the 5D theory. A natural question that arises here is whether the 5D theory can be 
obtained as some limit of a compactified 6D theory. One way of answering this is to consider 
F-theory on X x T 2 . But for this to work the CY3-fold X must be an elliptic fibration 
with a section. This is related to the fact that the 6D theory must be anomaly free and 
therefore must have a very specific matter content. For the case of U(N) theory with Nf 
fundamental hypermultiplets it requires that Nf = 2N. The elliptic 3-folds which give rise 
to these theories where constructed in [46]. 

To construct the non-compact 3-folds with elliptic fibration relevant for U(N) theory with 
Nf = 2N let us first consider the simple geometry of the deformed conifold given by 

X1X2 — X3X4 = e . (72) 

We can write the above as 

X1X2 = z , X3X4 = z — e . (73) 

Then we see that the deformed conifold is given by two C* fibrations over the complex z- 
plane as shown in Fig. fl4T a). The S 3 in the geometry, formed by the two circles in the C* 
fibration and the line segment joining the points z = and z = e, has size given by e. In 
terms of the (p, q) 5-brane web the e 7^ deformation is given by separating D5-brane and 
the NS5-brane from each other by a length e as shown in Fig. H4T b). 

Now given this picture of the geometry in terms of two C* fibration it is easy to see that 
one can get an elliptically fibered CY3-fold by compactifying one of the C* fibers to a T 2 , 
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Figure 14: a) The deformed conifold as the double C* fibration over the z-plane and b) the 
corresponding 5-brane web configuration 

as shown in Fig. [ToTa). such that 

xix 2 = z , (74) 
V 2 = x 3 + f{z,e)x + g{z,e) . 

The second equation above defines the elliptic fibration over the z-plane which degenerates 
at z = e. The corresponding type IIB configuration of 5-branes is now such that the NS5- 
brane is wrapped on a circle and for e = the D5-brane intersects the circle as shown in 
Fig. fToTb). The circle on which the NS5-brane is wrapped is exactly the circle created by 
the compactification of the C* fiber to T 2 and its size is related to the Kahler class of the 
compactified T 2 . Now given this web description we can consider two NS5-branes wrapped 
on the circle but separated in along the D5-brane. In this case it is easy to see that when 
the radius of the circle goes to infinity we get 5-dimensional U(l) theory with Nf = 2 living 
on the D5-brane and intersecting the two NS5-branes. Therefore the six dimensional theory 
compactified on a circle is given by a (p, q) 5-brane web which consists of a D5-brane and two 
NS5-branes wrapped on a circle such that the D5-brane intersects the circle at a point and 
the NS5-brane are separated along the D5-brane as shown in Fig. [161 The distance between 
the two NS5-branes, along the D5-brane, is inversely proportional to the coupling constant 
of the 6 dimensional gauge theory. 

Generalization to geometries giving rise to U(N) theory with Nf = 2N is straightforward. 
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Figure 15: a) The partial compactification of the deformed conifold geometry by replacing one of 
the C* with a T 2 and b) the corresponding 5-brane web description. 




a) b) 

Figure 16: a) The 5-brane web description of the partial compactification of the resolved conifold 
blown up at two points and b) the geometry as an elliptic fibration which degenerates on the base 
P 1 . 
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Instead of single D5-brane we consider N D5-branes intersecting the circle on which two 
NS5-branes are wrapped as shown in Fig. [T71 



D5-brane 



D5-brane 



NS5-brane NS5-brane 



Figure 17: The 5-brane web description of the compactified 6D U(N) theory with Nf = 2N. 



In the limit that the size of the circle goes to infinity we get back the (p, q) web configuration 
giving rise to 5 dimensional U(N) theory with Nf = 2N. 

The exact form of the curve can be extracted from the web diagrams using the rules of [40] 
or that of local mirror symmetry applied to toric threefolds [2,44,45]. To apply this method 
to the 6D theories we have to take account of the periodicity of the web by including all 
its images under the periodic shift. For the N — 1 the web diagram with all its images is 
shown in Fig. [181 On the right is the associated grid diagram. The associated curve can 
be written F(X, Y) = 0, where F(X, Y) is the sum of monomials, one for each vertex of 
the grid diagram. If a vertex is at (k, I) then the monomial is simply A^\X k Y l . The Au 
is a potential modulus of the curve; however, there are conditions that must be satisfied 
that restrict them. These conditions arise as follows. Consider a link on the grid that joins 
(k,l) with (u,v). Each such link is uniquely associated to a link on the web to which it is 
orthogonal. Suppose the link of the web is described by the equation py = qx + a, then the 
orthogonality condition is 

(k,l)-(u,v) = (-q,p) . (75) 
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Figure 18: The web diagram for the 6D N = 1 and Nf = 2 theory where periodicity is implemented 
by including an infinite set of images. On the right is the associated grid diagram. 



For each such link, we then have the constraint 

py = qx + a: A kl = e pa A uv . (76) 

In the present case, we have monomials AkiX k Y l , I G Z and k = 0, 1, 2. Applying the rules, 
we find that all the coefficients are fixed in terms of the parameters ai j2)3 in Fig. [THl up to 
an unimportant overall scaling and a choice of origin: 

where L is the period of the web in the vertical direction. This parameter is related to p via 

L = ir- 

We will identify the parameters a\ and 03 in terms of the masses, 



(7f 



a± = —(3mi , a 3 = f3rri2 ■ (79) 

This leaves one remaining degree-of-freedom in which corresponds to the bare coupling. 

So after a rescaling of Y the curve becomes 

00 

F(X,Y) = S2 e 2 ™ l ( l - l )PY l (e~ Pmi{l ~ l,2) + x + e a2 " /3(mi+m2)/2 e~ /3m2(/_1/2) X 2 ) = . (80) 
i=— 00 

Identifying Y = e^ x and X = e 2nlz , and with some re-scalings of X and Y, the curve becomes 
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Defining y = 2X + 9 1 (jfx)/9i(jf(x — m 2 ), the curve becomes 



y 2 = e 1 (§- i x\ P r 



c6l ^ x - m^e^x - m 2 )\p) . 



(82) 



The constant c = c(a 2 ) represents the freedom to change the bare coupling of the theory. 
For N > 1, using an identical approach we find a curve that can be written 



where the rrif are the masses and the Q are the moduli of the Coulomb branch. In the 
four- dimensional limit, this reduces to the well-known hyper-elliptic geometry. We note that 
our curve is very simply related to the spectral curve of an XYZ spin chain suggested in [61]. 

3.4 M = 2, SU(N) with adjoint hypermultiplet 

In this section we will review the brane configurations and the CY3-fold geometry that real- 
izes the A/" = 2 U (N) gauge theory with an adjoint hypermultiplet in 4, 5 and 6 dimensions. 

Brane construction: The basic type IIB setup which realizes the 5-dimensional theory is 
similar to the elliptic models which realize 4 dimensional theory with adjoint hypermultiplet 
[35]. The only difference is that instead of D4-branes we have D5-branes in this case. There 
is a single NS5-brane and the D5-branes are wrapped on a circle: the NS5-brane is extended 
in the x 0,1 ' 2,3 ' 4,5 direction. The D5-branes span the x ' 1,2 ' 3,4 and x 6 direction. The direction 
x 6 is taken to be compact so that the D5-branes wrap the circle and intersect the NS5- 
brane which is a point on the circle (Fig. I2l7 a)). On the 5-dimensional non-compact part 
of the D5-brane worldvolume there is an M = 1 (8 supercharge) U(N) gauge theory with a 
massless adjoint i.e. , it has Af = 2 (16 supercharge) supersymmetry reflected by the fact 
that since there is a single NS5-5brane it can be moved away from the circle leaving behind 
N D5-branes wrapped on a circle. The theory on such a set of N D5-branes is M = 2 U(N) 
gauge theory. Turning on the mass of the adjoint breaks the supersymmetry down to M = 1 
and therefore the corresponding branes configuration must be such that NS5-brane cannot 
be moved away from the circle. This is achieved as in [35] by changing the geometry so that 



Af 2N 



V 2 = \{^ (f (* - 0)|P) 2 - o I] 6 1 (|0r - m f )\p) . 



(83) 



i=i f=i 
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NS5-brane 



NS5-1 



Figure 19: Elliptic models involving 5-branes which realize 5D U(N) theory with a massless 
adjoint. 

as one goes around the x 6 circle x 5 shifts by mjf| Obviously this corresponds to resolving 
the intersection of D5-branes and the NS5-branes into a tri-valent web of (p, q) 5-branes in 
the x 5 ' 6 plane as shown in Fig. I207 b.c). In this case the separation distance is equal to the 
mass of the adjoint. Once the adjoint acquires non-zero mass we can Higgs the gauge group 




a) b) c) 



Figure 20: a) Elliptic model realizing U{\) theory with massless adjoint, b) adjoint can be made 
massive by deforming the brane configuration and c) the same web diagram drawn with identifica- 
tions. 

by separating the D5-branes from each other (Fig. |2T]) . The (p, q) 5-brane web given above 
also defines the CY3-fold geometry which in this case has a elliptic fibration since the web 
is compactified on a circle. By compactifying one of the direction perpendicular to the web, 
say x 4 , on a circle of size f3 we can take a limit in which we get the 4 dimensional field theory: 

e -A( T 2) = e 2-Kir ^ g ._ e -g a = e -f) ^ e -t = e -f3m ? ^ _ q ? ^ g4 ) 
3 In the five-dimensional theory m is real. 
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Figure 21: Brane configuration which realizes U(N) theory with adjoint mass. 

where A(T 2 ) is the area of the compactified T 2 in the CY3-fold geometry, t is the area of 
the exceptional curves in the geometry and r is the coupling of the four-dimensional theory. 

To describe the 6 dimensional geometry we start with the U(l) case. The corresponding 
5-dimensional geometry was discussed in the last section and is given by compactifying one 
of the two C* fibers so that we have a C* x T 2 fibration over the z-plane. The C* fiber 
degenerates at z = and the elliptic fibration degenerates at z — e. The two fibrations 
together define an S 3 in the geometry. Shrinking this S 3 produces a singularity which when 
resolved gives the picture dual to the picture of D5-brane and NS5-brane intersecting and 
then deformed into a tri-valent web of (p, q) 5-branes. The (1, 1) 5-brane introduced by this 
resolution is dual to the exceptional curve produced by the resolution of singularity. The 
6 dimensional compactified theory can be obtained by compactifying both the NS5-brane 
and the D5-brane on two different circles so that the plane of the web is a 2-torus. This 
corresponds to compactifying both C* fibrations as shown in Fig. l22Ta). Recall that the 
compactified 5-dimensional theories on the (p, q) 5-brane webs can be lifted to M-theory 
where the theory lives on an M5-brane with worldvolume R 4 x S. The Riemann surface £ 
is obtained from the (p, q) 5-brane web by "thickening" the lines and is embedded in the 
4-dimensional space x 4 ' 5,6 ' 10 , where x 10 is the M-theory dimension. This is locally of the form 
S 1 x R x T 2 , where T 2 is the torus with complex structure r in the x 6 ' 10 directions and 
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|z-pl ane 




D5-brane 



NS5-brane 



a) 



b) 



Figure 22: a) The elliptically fibered CY which gives U(l) theory with massive adjoint and b) the 
corresponding 5-brane web diagram. 

S 1 is the T-dual of the original x 4 circle, i.e. now having size Globally one must take 
account of the mass so that as one goes around the x 6 -cycle of T^, x 5 shifts by m. In the six 
dimensional case, where both directions along the web are now periodic, we can lift the (p, q) 
5-brane web to obtain an M5-brane wrapped on a Riemann surface E. In this case S can 
also be obtained from the web by thickening it but it now is embedded in a slanted 4-torus 
in the x 4 ' 5,6 ' 10 space. This 4-torus is identified with the abelian surface T 4 in Eq. (I4"6l) n It is 
easy to see that £ is a genus two curve which degenerates into two elliptic curves when the 
mass of the adjoint goes to zero (Fig. 123]) . This is precisely as one would predict from the 
analysis in Section 2. 



Figure 23: a) The genus 2 curve which describes the geometry of the 6D theory with an adjoint 
for N = 1, b) when the mass m — > 0, the genus 2 curve degenerates into 2 elliptic curves with 
complex structures r and p. 

The exact form for the curve can be obtained from the web diagram using the rules es- 
tablished in [40] or local mirror symmetry applied to toric Calabi-Yau [2, 44, 45] that we 
summarized at the end of Section 3.3. As in Section 3.3, in order to apply them to webs 
In this context m can be taken to be complex. 
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Figure 24: The web diagram for the 6D N = 1 theory with adjoint including all the images under 
the two periodic directions. On the right is the associated grid diagram. 



with periodicities we employ the method of images, although now we have double periodicity. 
We will only consider the N — 1 case in any detail but it should be clear to reader how to 
extend the method to N > 1. When we include all the images, the web tessellates the plane 
as illustrated in Fig. [2H This figure also shows the associated grid diagram. The associ- 
ated curve can be written F(X,Y) = 0, where F(X,Y) is the sum of monomials A k iX k Y l , 
k, I £ Z, one for each vertex of the grid diagram. The are potential moduli which can be 
fixed using the connection with the web diagram as in Section 3.3, that fixes them, up to an 
overall scaling. Using the rule (1761) . we find the following recursion relation for the elements: 

A k+1>l = e^ k+ml ^A kl , A k>l+1 = e^ l+mk ^A kl , (85) 

where and L v are the periods of the web in the vertical and horizontal direction. These 
parameters are related to p and r via 

~ ~[3~ ' Lh = — ' (86) 
at least for p and r purely imaginary. However, the results extend holomorphically to 
arbitrary values of p and r. Solving ( |85l) . we find 

g27rifc(fe— 1)t+2ttU(1— l)p+klf}m (87) 

up to an unimportant overall factor. Notice that once the rule ( 176|) has been imposed there 
are no remaining moduli apart from the overall position of the web: just as one expects for 



37 



the N — 1 curve. So the curve becomes 

oo 

Y^j ^ ^ ^2irik(k~l)T+2iTil(l—l)p+kll3mj£kYl g 



kl=—oo 



which, after identifying X = e 2mz and Y = e@ x , and after suitable re-scalings, is simply 



e 



o o 





fix 
2tH 



8™ n ) 

2m r> J 



Bm \ 

2m ) = . 



59) 



This is precisely the N = 1 version of ( l4*9i) . Notice that the form of the curve ensures that 
under the identification 

x -> ie 2CTT y -> y e m 

y _> y e 2 ^ X -> Xe m 
Fpf, y) = is invariant, since F(X, Y") -> X a Y" b F(X, F) for some a, 6 (note that X, Y ^ 0). 

Note that from the above construction of the curve from the toric diagram we have a cyclic 
symmetry between the parameters. To see this consider the transformation 



IkI, y^xy. 



(90) 



which has the effect of changing the basic grid in the toric diagram. The curve F(X, Y) after 
this transformation becomes 

13m 



F(X,XY) = 
The period matrix is given by 








Z + T 



fix 

27Ti 



T T 

2m 

dm _ i Bm 

2m r 2m 



. 



(91) 



n = h«I 

\ -T P + T 



(92) 



where r = r + |^ and p = p + After an Sp(4, Z) transformation we can write this as 



S^TIS 



P + T T 

8m , 



T 



2m 



T 



' 2m 2m. 



(3m 



Bm 
2tH 



T 



(93) 



Now consider the transformation 



(94) 
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which again changes the basic grid. Also note that the choices of the basic grid in the toric 
diagram that we used are the only possibilities. In this case the curve is given by 








F(XY, Y)=e 
The period matrix is given by 



Z — T + 



8m 
~2^i 



/3x r + &± 



2m 



Bm - n 

2wi r 



2m 2m 



~ P 



. 



(95) 



n 



T + p -p 
~P P+ti 



(96) 



After an Sp(A, Z) transformation we get 



(/3m i ^ ^ 
P T + P 



Thus the period matrix has a cyclic symmetry (r 
given by 



P 



2m 



(97) 



') with three period matrices 



n := 



T + TT- 7T~- \ I P + T T 

2m 2m II 



3m i >~ ^ 



(98) 

This symmetry is quite clear from the web diagram and is also present in the corresponding 
partition function as we will see in a later section. 

This analysis can be extended to iV > 1 by applying the method of images as above. In this 
case the curve should be invariant (up to F(X, Y) \— > X a Y b F(X, Y)) under the transforma- 
tions 

X i-> Xe 2a , Y i-> Ye NX and , X i-> Xe NX , Y i-> Ye 2Na . (99) 

The curve is given by summing over all the monomials associated with the vertices of the 
toric diagram (k,l) t—> X k ^ N Y l , 



N-l 



F(X,Y):= A kl XNY l = J2J2 A ™i Xm+j7Yl 

j=0 m,l 



(100) 



kl=— oo 



where in the final expression above we have defined j = k (mod N) . Using Eq. ( !99l we see 
that 



A 3 mi — 



^m(m-l)n+l(l-l)cj+mlN\+'^j^-+j\n 



(101) 
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So the curve becomes 



N 

F(X,Y) = ^ Aj ^ e m(m-l) f J,+l(l-l)a+mlNX+^^+jXn^-m+j/NYl ? (]_Q2) 
j=0 m,Z 
iV-1 

= E^ e 

i=o 

where X = e ^ and Y = e 2mz . This agrees with the matrix model calculation of the last 
section. 

3.5 A/v-i theories 

In the last section we saw that 6D theories with Nf = 2N can be engineered using elliptically 
fibered CY which can be described by semi-compact web diagrams. In this case one can ask 
the question about the relevance, if any, of completely compact web diagram obtained by 
identifying both the NS5-brane direction as well as the D5-brane direction from the web 
diagrams of U(N) theory with Nf = 2N. The case of U(l) with Nf = 2N is shown 
in Fig. [26j It is easy to see that if the NS5-brane direction is not compact but the D5- 
brane direction is compact we get 5D U(l) x U(l) theory with bifundamental matter. Thus 
compactifying the NS5-brane direction gives us 6D U(l) x U(l) theory compactified on T 2 
with bifundamental matter. In case of N D5-branes we get 6D U(N) x U(N) theory with 
matter in {N,N) + {N,N) compactified on T 2 [47]. 

4 Topological string amplitudes and BPS degeneracies 

In the previous section we reviewed the geometric engineering of compactified 4, 5 and 6 
dimensional M = 2 theories from CY3-folds via type IIA, M-theory or F-theory compacti- 
fications. An important ingredient of the geometric engineering recipe is the calculation of 
the gauge theory prepotential from the genus zero topological string amplitude of the corre- 
sponding CY3-fold [1]. In this section we will review the interpretation of topological string 
amplitudes as the generating functions of the BPS degeneracies of wrapped M2-branes (or 
D2-brane and DO-branes) which give rise to particles in the five dimensional theory. 
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Figure 25: Field theories in 5 and 6 dimensions with various matter content and the correspond 
web diagrams representing the CY3-fold geometry. 
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Figure 26: The web diagram of the 6-dimensional Aq theory. 



Consider type IIA strings compactified on a CY3-fold X. The theory on the transverse four 
dimensions has M = 2 supersymmetry. This theory in 4 dimensions has certain F-terms 

(0>1) 

J d'xF^RlFl 9 - 2 , (103) 

which can be calculated exactly. In the above expression R 2 + is the contraction of self-dual 
part of the Riemann tensor and F + is the self-dual part of the graviphoton field strength. 
The function F g is the A-model topological string amplitude of X [48, 49] and depends on 
ti, the Kahler parameters of X. As mentioned before the prepotential of the theory is given 
by genus zero amplitude for which the F-term is given by 



d A xFl AF{d ti d tj F ■ (104) 
Thus the gauge coupling of the 4D theory in terms of the genus zero amplitude is given by 

Tij = d ti d h F Q {U) . (105) 



The topological string amplitudes F g arise in the A-twisted topological theory as integrals 
over the genus g moduli space of Riemann surfaces and are related to the generating functions 
of the genus g Gromov-Witten invariants. Let us denote by uo G H 2 (K, C) the complexified 
Kahler class of X. Then the topological string amplitudes be compactly organized into the 
generating function 

oo 

F(U,X s ) = J2^s 9 ~ 2 F 9 (U), (106) 

9=0 

where X s is the constant self-dual graviphoton field strength. 
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From the worldsheet point of view the genus g amplitude, F g , is the generating function 
of the "number" of maps from a genus g Riemann surface to CY3-fold X. However, the 
target space viewpoint provides a more physical interpretation of the generating function 
F(ti,\ s ), which we now review [10,11]. Recall that in M-theory compactification on CY3- 
fold X we get a 5-dimensional field theory with eight supercharges. The particles in this 
theory come from quantization of the wrapped M2-branes on various 2-cycles of X. If we 
consider compactifying one direction then we can interpret the particles as wrapped D2- 
branes and the KK modes as bound DO-branes. In this case integrating out these various 
charged particles gives rise to the F-terms in the effective action. The contribution of a 
particle of mass m and in representation TZ of the SU(2)l x SU(2)r (the little group of 
massive particles in 5D) to F is given by 

^,ogdet(AW + 2e^/ g ' ^ 

where a L is the Cartan of SU (2) l and arises because the graviphoton field strength is self- 
dual, e is the charge of the particle and is equal to its mass and we identify the graviphoton 
field strength T = X s . The mass of the particle is given by the area of the curve on which 
the D2-brane is wrapped. An extra subtlety arises due to DO-branes. In the lift to M-theory 
we see that a wrapped M2-brane comes with momentum in the circle direction and therefore 
if we denote the mass of the M2-brane wrapping a curve class £ G H 2 (X., Z) by T s then the 
mass of the M2-brane with momentum n is given by taking T s to T s + 2-Kin/X. Let us denote 
by N^ L ^ R ^ the number of BPS states coming from M2-brane wrapped on the holomorphic 
curve £ and left-right spin content under SU(2) L x SU(2) R given by {jl,3r)- Then the 
total contribution coming from all particles is obtained by summing over the momentum, 
the holomorphic curves and the left-right spin content, 

ds Tr ijLjR) (-l) aL+C7R e- sT v- 2 ™ n e- 2sc7LX ° 



]\t(3l,3r) / ^" _ UL,JR)\ -) " " /ino\ 

^ ^^ N * I ~ (2sinh( S A s /2))2 ' (1 ° 8) 



\ r \ r \ r jy(jL,jR) 

S6if 2 (X,Z) neZj L ,j R 
oo 

Tr,- r (-iyL e -2k\ s a L 



.. . . TV,. . (IWl+o-r -2k\ s a L 
t(Jl,Jr) c -kT s 1l (jl,3r)\ l ) e 

s A;(2sinh(A;A s /2)) 2 

S6if 2 (X,Z) fc=l 3L,3R K 

CO 



E EE^ 



E 



& „ j , x . z „ . *(2smh(M./2))= 
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where 

H L = J2 N t' iR \-l) 2jR (2jR+l) ■ (109) 

3R 

It is useful to define a different basis of SU(2)l representations given by I g = (2(0) + (|)) 9 
such that in terms of this basis 

oo 

JL 9=0 

The coefficients n| are integers and given by 

oo 

5>!(-l) s (<7 1/2 - q- l/2 f 9 = E N i L (V iL + ■■■ + ^ ■ ( m ) 

9=0 JL 

In terms of these integers one can write F as 

fcT E 

A;(2sinh(A;A s /2)) 2 ' 



oo oo 



F= Yl EE n s e kTs h( 9 ^uh\ /9^2 ' ( 112 ) 



E6ff 2 (X,Z) fe=l g=0 



It is easy to show that 

Ti Ig {-l) aL e- 2kXsCTL = (Tr h {-l) aL e- 2hXsaL y = (2 sinh(A;A s /2)) 29 . (113) 
Thus we get 



00 00 a 



F = E EEf (2smh(A;V2)) 2 -V^. (114) 
seH 2 (x,z) fc=i 9=0 

The target space point of view allows the topological string amplitudes to be written in 
terms of integers n| which give the BPS degeneracies of the states coming from wrapped 
D2-branes. The fact that F has this particular form with integer n| has been confirmed for 
many non-compact toric threefolds. 

4.1 Second quantized strings and A-model partition function 

In the previous section we saw that the target space view point when discussing the topo- 
logical string amplitudes is perhaps more interesting than the worldsheet view point since 
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it allows the amplitudes to be written in terms of invariants which are integers. However 
another interesting property, the integrality of e F , becomes clear from this view point as 
well. 

To see this note that we can write e F , which we will call the partition function from now on, 

as 

+]L OO 

z{u, 9a )=e F ^= n n n n( i -^ +m+ic ? s ) ( " i)2j+i(m+iKi ' ^) 

E6ff 2 (X) 3L k=-j L m=0 

where Q s = e~ Ts and q = e~ tXs . This expression looks very much like 'counting' the states 
in a Hilbert space (this was also noted in [10] for the case of jl = BPS states). In a sense 
we have already explained how partition function counts M2-branes. So the integrality of 
Z must be directly related to this integrality in F. We can in fact see Z as the partition 
function of a second quantized theory built purely out of fields creating M2-branes. Let 
^mi^ (^l, z 2 ) denote a field creating an M2-brane BPS state, where Zi denote the two 
complex coordinates of the 4 dimensional space, £ denotes the BPS charge and denote 
the internal spins of the BPS particle with respect to U{1) x U(l) = SO (2) x SO(2) C SO(A). 
Consider only holomorphic configurations of the BPS fields. This is what we usually do in 
the context of 2d chiral block of a conformal theory. If we do this we have the natural 
decomposition 

^£,7711 ,7712 (^l) &l) = Z \ 1 Z 2 2 ^ ^ ^711+7711 ,712+7712 (^)^l 1 ^2 2 

711 ,7l2>0 

where a ni+miin2+m2 (E) are bosonic or fermionic modes depending on whether the field $ 
(which is the lowest component of a superfield) is bosonic or fermionic respectively. Note 
also the prefactor monomial is the usual mapping of modes from cylinder to the plane for 
each Zi. Note that j\ = n\ + n 2 + m\ + m 2 for each mode a ni+mijn2+m2 (E). 

Since N^ L is the BPS degeneracy of the states with charge £ and SU (2) l spin jh we can 
write the above partition function as 

Z ■= Tr w (-1) 2 ^+^ q 2l 'i e- T . (116) 

where Tt denotes the subspace of the second quantized Hilbert space generated by holomor- 
phic modes of the lowest component of the BPS fields and T denotes the total mass of the 
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BPS states which is the same as the Hamiltonian of the theory. It is quite exciting that 
the partition function of topological string seems to be counting a second quantized hilbert 
space of holomorphic components of BPS states. It is also natural to believe there is an 
interesting algebra related to this partition function. In particular we can take the product 
of two holomorphic BPS fields as defining an algebra: 

Si=Si+S2 

This would be interesting to study further. It would also be interesting to see the connection 
of this holomorphic OPE of BPS states to the BPS algebra defined in [50]. 



4.2 Non-compact toric threefolds and the topological vertex 

In this section we consider the case of non-compact toric CY3-folds. These CY3-folds are 
extremely interesting not only because they are "simple" enough so that exact calculation 
of A-model partition function can be done but also because they give rise to gauge theories 
via geometric engineering [1] as we saw in the last section. 

From the discussion of the last section we see that if the graviphoton field strength is not 
self-dual F := F + + F_ , then we can write the contribution of coming from integrating out 
the particle in representation 1Z of SU(2) L x SU(2) R as 

r°° dsTr n (-l) aL+aR e- sm2 e- 2se((TLF + +aRF -'> 
~ J € ~s (2sinh(seF+/2))(2siiih(seF_/2)) ( ' 

Summing over the contribution from all particles as before we get 
F(qi,<b) = 

Nt' jR) ((qiq2)- njL + ■■■ + (qiq2p L ) ((g)"™ + ••• + 



E EE 

seH 2 (x,z) n=ij L ,j R n \q\ Ql ){Q2 <?2 



-n/2s 



e -nT s 



(118) 



where we have defined q x = e F+ ,q 2 = e F ~ . The integers N^^^ give the degeneracy of 
particles with spin content (Jl, Jr) and charge E and are the number of cohomology classes 
with spin {jLijn) of the moduli space of D-brane wrapped on a holomorphic curve in the 
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class S [10, 11]. Because the D-brane has a U(l) gauge field living on its worldvolume 
the moduli space of supersymmetric configurations includes not only the curve moduli but 
also the moduli of the flat connections on the curve coming from the gauge field. Since 
the moduli space of flat connections on a smooth curve of genus g is T 2g therefore the 
moduli space of the D-brane is T 2g fibration over the moduli space of the curve. The total 
space is a Kahler manifold and the Lefshetz action by the Kahler class is the diagonal 
SU{2) D C SU{2) L x SU{2) R action on the moduli space. The SU{2) L x SU{2) R action on 
the moduli space is such that SU{2)l acts on the fiber direction and the SU{2)r acts in the 
base direction. 

In the previous section when discussing the generic CY3-folds we summed over the SU{2)r 
action by taking the graviphoton field strength to be self-dual. This was essentially due to 
the fact that N^'i^ can change as we change the complex structure; the supersymmetry 
algebra allows such pairings between neighboring j^'s to give a non-reduced multiplet. But 
Nj^, which sums over all j R s with alternating signs remains invariant. For the case of non- 
compact toric CY3-folds there are no complex structure deformations. Therefore one would 
expect no jumps in the jV^ degeneracies, and so one would hope to be able to compute 
these as well. We will come back to this after our discussion of the topological vertex. 

Topological vertex: It was shown in [12] (see also the earlier work [54,55,62,71]) that topo- 
logical string amplitude for non-compact 3-folds can be calculated using the corresponding 
web diagrams and the topological vertex: A function of q, Cr^r^ depends on three rep- 
resentation, -Ri,2,3, of U(oo) associated with each tri-valent vertex of the web diagram. The 
topological vertex Cr 1 r 2 r 3 is actually an open string amplitude for a certain geometry with 
D-branes as we will see later. An expression for the topological vertex in terms of the Hodge 
integrals was proposed in [63]. The proposed expression was checked for many nontrivial 
representations but a general proof remains an open problem. The relation between Hodge 
integrals and topological vertex with one trivial representation was determined in [64] using 
localization @. For local toric threefolds with one compact 4-cycle (so that one representation 
of the topological vertex is always trivial) the paritition function can be determined using 
localization and agrees with the topological vertex calculation [70]. Let us briefly review the 
5 The relation between Hodge integrals and topological vertex was also explored in [65-70] 
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idea behind the topological vertex and the derivation of topological string amplitudes for a 
non-compact CY3-fold. 



Recall that in the last section we saw that non-compact toric 3-folds can be represented by 
web diagrams which captures the non-trivial aspects of the geometry as a tri-valent graph 
in two dimensions. The graph is the locus of degeneration of a T 2 fibration over the plane. 
Along each edge of the web a 1-cycle of the fiber T 2 shrinks and therefore at each point 
of the edge we have an S 1 , the cycle dual to the one shrinking. Given this cycle we can 
consider a D-brane with 3 dimensional worldvolume S 1 x C which wraps this cycle and fills 
two other directions only one of which could be in the plane of the web diagram. Such 
a 3-cycle is Lagrangian and can be used to define the boundary conditions for the open 
topological strings [51,52]. As we mentioned before the web diagrams corresponding to non- 
singular geometries are tri-valent graphs. All the vertices of the web diagram are SL(2, Z) 
transform of each other and hence the web diagram can be "built" using the basic vertex, in 
which we have (1, 0), (0, 1) and (—1, —1) lines coming together, and its SL(2, Z) transforms 
joined by edges which are straight lines. Such a web with only (1,0), (0,1) and (—1,-1) 
lines corresponds to threefold which is C 3 . In this case the geometry is trivial and the only 
contribution to the topological string amplitude comes from constant maps. However, as 
mentioned before we can have D-branes in this geometry which will provide boundaries for 
maps from worldsheet with boundaries as shown in [27] where Ri are the representations 
in which we take the holonomy around the circle which the D-branes wrap. The open 



Figure 27: The topological vertex is defined as the open string amplitudes in the presence of three 
stacks of Lagrangian branes. 
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topological string amplitude of this geometry is given by the topological vertex 

r N Rl ^ nKRJZ+KRJZ WR2Q2 niQ N 

Qi,Q 2 ^ 2 

where 

Q 

Here N£ b is the degeneracy of representation c in the tensor product a <g> 6, the is the 

link invariant for Hopf link for U(oo), and k# denotes a quadratic casimir for representation 
R. Another useful representation of the vertex is given using the skew-Schur functions. Let 
us denote the Young diagram corresponding to representation R as /jlr then [56] 

Cr M = q^+^SR^) SR { ,R{q m - +p )sR 2/ R{q^ +P ) , (121) 

R 

where sr 1 /r(x) is the skew-Schur function defined as 

sr 1 /r(x) = J2 N rr 2 s R^), (122) 

R2 

and q^ +p = {q^- 1 / 2 , <f 2~ 3 / 2 , g w-6/2 j _ _ } 

To calculate the partition function for any non-compact threefold we consider its web diagram 
and associate with each leg a representation R4 and with each vertex CR i R j R k where Rij t k are 
the representations on the legs joining the vertex. Then the partition function is given by 
multiplying all the vertices together and summing over all the representations with weights 
^ e~ Td ^ where T { is area of the curve associated to the i-th edge and Ir is the number of 
boxes in the Young diagram corresponding to R. There are extra subtleties associated with 
orientation of the legs which leads to extra framing factors. For details of this we refer the 
reader to [12]. 

As an example consider the case of the resolved conifold as shown in [28l We will see that 
using the identities involving Schur and skew-Schur function it is possible to write a simple 
expression for the partition function of this geometry. We will use similar identities involving 
skew-Schur function to determine the partition functions of gauge theories in the next section. 
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Figure 28: The web diagram of the resolved conifold with four stacks of D-branes. The rep- 
resentation R, which is summed over, is associated with the internal line and i?i2,34 are fixed 
representations associated with the external lines of the web. 

Denote by T the area of the P 1 then partition function is given by 

Z Ri ,r 2> r 3)R4 = ERe- TeR C RlR2Rt (q) {-iy«C RR t Rl (q) . (123) 
Using Eq fll2ip we can write Z Rl23A as (Q := e~ T ) 

Z Rm = q { ^ +KR ^ R ^ )/2 s R{ {q p )s R3 {q P ) E s ^/m(^ +P >iu/ m (q^ +p ) 
R 

The sum over R can be carried out exactly using the identity [82] 

E s R/m( x ) s R t /m(v) = Yli 1 + x iVj) E s v t 2 /vA x ) s v t 1 /v^y) ■ ( 124 ) 
R i,j m 

After summing over R, r/ 12 and denoting the Schur function corresponding to R in the 
variable (x 1 ,x 2 , ■ ■ ■ , yi, y 2 , • • ■ ) by s R (x, y) we get 

Zr^ = g ( ^ + ^-^3-^)/ 2 ^(^) SR3 (^)J](i-g^3.w^, j+ P, ) (125) 

The sum in the expression above is finite and can be determined easily for any given i?2,4- 
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Consider the case (R±, R 2 , R3, -R4) = (•, •, •, R) and □, R 3 , □) then 

00 

Z... R = q- KR/2 (H(l-Qq k ) k )s R (q<>,Qq-o), (126) 
fc=i 

00 

z Ru a,R 3 ,n = (n( i -^) fc )(n( i -^" fe ) Cfc(i?ti,i?3) )^ (9P) ^(^) 

fc=l k 
( (1 - g) 2 ^ ~~ + f Rs ' R 3 ~ Q(fRiRs + /«i«s) ~~ Q 2 fRiR{j ■ 

Where 

/Hi* = E^( jR i' jR 2)g fe = s D (g^^)^(g-^- p )-4(^ p ) ( 12 7) 



/« = £ 



Generalized partition function: In a previous section we saw that the BPS degeneracies 
given by the target space viewpoint of the topological strings are obtained by summing over 
the jn spin content. This is necessary in order to obtain an index invariant under the complex 
structure deformations of the CY3-fold. Hence for a CY3-fold with no complex structure 
deformation we do not have to sum over the SU{2)r. As mentioned before non-compact 
CY3-folds are such spaces for which there are no complex structure deformations and hence 
a more general partition function encoding the full SU{2)l x SU(2)r spin content can be 
defined. 

The generalized Partition function in such cases would be given as a trace over the second 
quantized Hilbert space generated by holomorphic components of the BPS fields: 

Z = Tr n (-1) 2 ^ + ^ q{ l+j% S 4 e~ T = e F ^ = 

+3L +3R. 00 

j-J j-J j-J j-j" j-j- ^ _ ^L+*fl+mi + 5 ^L-fcfl+m2+igE|(-l) 2 0i+W)+ 1 iV^' 3fl 

Ee/i2(X) 3l,3r k L =-3L k R =-j R m 1 ,m 2 =Q 

(128) 

To determine the invariants n^ 1 ' 92 ^ which correspond to the basis (I gi ,I g2 ) we can use the 
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relation 

£ n |^(_l)^( ((M2 )V4 _ ( ?1?2 )-V4 )2fll ((21)1/4 _ (|)-l/4)^ = (12g) 
9l,92>0 

£ ^lJh^Ul+Sh) (( qi q 2 )-^ + ... + ( qi q 2 )^) + • • • + (£)+'«) . 

Direct computation of such a partition function, say using some generalized topological 
vertex, is not known for any non-compact 3-fold. However, using the geometric engineering 
relation between the compactified 5D gauge theories and non-compact 3-folds one can obtain 
the generalized partition function for some cases using the instanton calculus developed by 
Nekrasov [5,75]. Note that in the non-compact case the notion of SU(2) R is ambiguous, as 
it can mix with R-symmetry (there is no normalizable 4d gravity mode). In fact a particular 
combination of SU(2) R and the R-symmetry SU(2) is what is computed in [5] which we find 
to correspond to the SU(2) R defined in the _D2-brane moduli problem acting on the base of 
the moduli space [11]. 

As an example consider the pure five dimensional U (2) gauge theory which can be obtained 
via M-theory compactification on local P 1 x P 1 . In this case the gauge theory partition 
function was calculated in [5]. This partition function can also be calculated using the 
refined vertex formalism developed recently in [76]. We can use these results to verify that 
the generalized partition function gives the degeneracies which represent the SU (2) x SU(2) 
action on the moduli space of the D-branes. 

The partition function for the case of local P 1 x P 1 is given by 

Z:=J2Ql 1+hz RuR 2 (Qf) , (130) 

Rl,2 

where T b j = —\og(Q b j) are the Kahler parameters associated with the base and the fiber 
P 1 and we sum over all pairs of Young diagrams such that 

CrMu q 2 )C Ra (q lt q 2 )C R T(q 2 , gQ^fe, Ql ) q ^ 2+ ^ 2 fa /^E.K^l,)/? 

RlMQf) n klM (i-^Q) c ^ {RM 

In the above expression 

c R ( qi , q2 )^(-i)H qiq2 r^\^\? /2 n (i-^ri 2 ^)- 1 . (isi) 

(i,j)eR 
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and k r = J2(i,j)e R (j ~ *)» ^(ij) = n) - i, h 2 R (i,j) = & - j + 1. The integers C fcl>fca (gi, q 2 ) 
are given by 

Y.c^iRuRM - E + E 

+ 2^ 9i & + 2^ 9i 92 

We can use the above partition function to calculate the BPS degeneracies of various states 
corresponding to charge E G H 2 (X.,Z). For example the term linear in Qb, given by 
(Ri,R 2 ) = (□,•), (•,□), determines the integers N^ l,3r) for all curves [3 = B + kFk>0 
and gives 

N B+kF = $3L,0 8j R ,k+l/2 , (132) 

which is consistent with the fact that these are genus zero curves and therefore action in the 
fiber direction, which is just a point, is trivial. The moduli space of these curves is given by 
p2fc+i anc j gjj(2) R action on this is just the Lefshetz action via Kahler class therefore 
the cohomology classes decomposes into a spin [k + 1/2] representation. If u is the Kahler 
class then the j R on the cohomology class oo n is given by n — k — 1/2. And since there is one 
such class for each n we get a single copy of the representation [k + 1/2]. 

A more interesting example in which both the left and the right spin content is non-trivial 
is given by the curve 2B + 2F, the canonical class of the F . This is a genus one curve and 
therefore the corresponding moduli space will admit non-trivial SU (2) L action. To determine 
the spin content from the partition function we will have to expand it to order QlQ 2 f, take 
the log of the corresponding expression and subtract multicover contribution. In this case 
we get 

E N 2B%%l,Jr) = (|,4) + (0, |) + (0, |) . (133) 

3l,3r 

To see that this is the correct result note that the moduli space of 2B + 2F together with 
its jacobian is give by a P 7 bundle over P 1 x P 1 : pick a point in P 1 x P 1 , the moduli space 
of curves passing through that point in the class 2B + 2F is given by P 7 . Thus the diagonal 
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SU (2) L x SU(2) R action which just the Lefshetz action is given by 

(I) ® (§) ® (!) = (§) + 2(5) + (§)■ ( 134 ) 

Note that since 2B + 2F is a genus one curve the corresponding jacobian is also genus one 
and therefore jl can only be 0, |. From this restriction on and the above diagonal action 
we see that the unique left-right spin content is given by 

(§,4) + (0,f) + (0,§), (135) 

exactly as predicted by the partition function calculation. 

It would be interesting to generalize the notion of topological vertex to depend on two 
parameters qx, q2 instead of just q. In a sense from [5] we already have a prediction for what 
this should be when two representations of the vertex are trivial. 

5 Partition functions from the topological vertex 

In this section we determine the A-model partition functions for the various CY3-fold geome- 
tries we discussed in the last section. The genus zero contribution to the partition function 
determines the prepotential of the corresponding gauge theory realized via geometric engi- 
neering. 

The partition functions are determined mostly using the topological vertex |^| [12]. However, 
in some cases it is easier to use the Chern-Simons theory [53-55]. 

We will discuss in detail the partition function of the CY3-folds which realize the U(l) and 
U(2) theory with an adjoint hypermultiplet as well as the CY3-folds which realize U(l) and 
U(2) theory with 2 and 4 fundamental hypermultiplets respectively. We will also give the 
expressions for the case of corresponding U(N) theories using the Weyl symmetry present 
in the geometry. 

6 In this section we will use slightly different expression for the topological vertex than Eq ljl21|L Let 
us denote the expression given in Eq (|121|l by CR 1 R 2 n 3 (q) then in this section we will use C^^n^q) = 
(— lY R i +tR 2+ e rt3 q^( K rti+ K 'i2+ K Tt3)/ 2 Ci ilR2R3 (q~ 1 ). Since gluing rule involves taking the transpose, which 
gets rid of (— 1) £ «^ K « factors, and the closed topological string partition function is invariant under q 1— > q^ 1 
therefore both expressions give the same result for geometries with no branes. 
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5.1 U(N) with massive adjoint 



5.1.1 N = l 

We start by discussing the case of 5- dimensional U(l) theory. The geometry of the corre- 
sponding CY3-fold is encoded in the (p, q) 5-brane web diagram shown in Fig. 1297 a). Given 




Figure 29: The web diagram for U(l) theory with an adjoint field. 

the web configuration we can proceed with the partition function calculation. Using the 
topological vertex techniques [12] the partition function in this case is given by 

Z(T,T m ,q) :=Y,e- TtR {-l) iR Z R (T m ,q), (136) 

R 

where 

Z R (T m ,q) = ^e-^'^i-lY^C^MC^iq). (137) 
Ri 

The two Kahler parameters T and T m are related to the coupling constant of the gauge 
theory and the mass of adjoint hypermultiplet respectively, 

Q T := e- T ~ T ™ = e 2mr , (138) 
Q m :=e~ T - = e Pm . 

The partition function Z R (T m , q) can be determined using the expression of the topological 
vertex in terms of the Schur and skew-Schur polynomials derived in [56] and given in the 
last section. Let us denote the Young diagram corresponding to R and R\ by fi R and fi Rl 
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respectively. Then Z R is given by, 

z R = ^(f^w^Ei^- 1 )^ 18 ^^) 5 ^?^ 1 ^). ( 139 ) 

Hi 

= s R { q -")s Rt {q-P)Y J S R{ {-Q m q-^ t - p ) s Rl (q^ R - p ) , 
Ri 

where in the second equation we used the fact that s Rl (x) is a homogeneous function of 
degree l Rl . Now using the identity 

^2sRt(x)s R (y) = Y[(l +x iVj ) , (140) 

R i,j 

we immediately get 

Zr = s R (q-^SR t (q-")ll(l-Q m q-^-^) : (141) 
= s R (q-»)s Rt (q-») JJ (1 - Q m q-^-^- 1 ) , 

oo 

= s R (q-<>) S R t (q-o)l[(l-Qmq k+1 ) k+1 ]J (1 - Q m <p iJ) )(l ~ Q™? - *^) , 
fc=o (i,j)eR 

where 

M«> j) = A**,* - J + A*fl*j - * + 1 ( 142 ) 
is the hook length and we have used the relation 

E «- h{i ' j) = rrhv + hMq) = j^tv + £ + 9 _fcW) ) , (143) 

= rt-l) 2 W9)/ff(9) + W?) + / ff (9),/fl(9)= E fl^"*- 

(i,j)efl 

Thus the full partition function is given by (Q = e~ T ) 

00 

Z = n( 1 -^ fc+1 ) fc+1 E^(- 1 ) £fl ^^ P )^ t ^ P ) II (1 - Qmq h{i ' j) )(l - Q m q- h{i ' 3 

k>0 R (i,j)eR 

Using the definition of s R (q~ p ) = (— 1) R C R t tt we get 

z = n(i-Q m ^)^x;^(-i)N s ^ fcw) n 

fc>o i? (i,j)efl ^ ^ ' 

= fid Q^»r> e (w.)" n ■ d«) 
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The first term in the above expression gives the perturbative contribution to the gauge theory 
prepotential. The instanton part of the above partition function is given by 

Anst-^Q 11 ( 1 _J.(ij))( 1 _ (/ -Mij)) • ^ 

R (i,j)eR v 7V 7 

This is the 5-dimensional partition function. To obtain the partition function of the 4 
dimensional gauge theory we take the limit j3 — > such that g = e _/3e , 

Z mst = ^e 11 . (146) 

R (i,j)eR 

which agrees with the results of [57]. 

From Chern-Simons theory: We can calculate the above 5D partition function from the 
Chern-Simons theory also. The advantage of this approach is that we get the infinite product 
structure of the partition naturally. 

Let us briefly review the calculation of the A-model partition function using geometric tran- 
sition and the Chern-Simons theory following [12]. The geometry we are studying admits a 
geometric transition, i.e., if we take the length of the internal line in the web diagram , given 
by T m , to zero we can separate the two lines of the web diagram in the direction transverse 
to the plane in which the web is embedded. This is a complex structure deformation of 
the geometry. Since the lines in the web diagram are the loci of degeneration of the torus 
fibered over the plane of the web hence when the line are separated from each other we get 
an S 3 . Locally this is exactly the conifold transition the only difference being the globally 
the geometry is different from that of a conifold. The closed topological string partition 
function of the geometry we started from is given by the topological open string partition 
function of the geometry obtained after the transition. In the case of the conifold the open 
topological string theory partition function is given by the partition function of the U(N) 
Chern-Simons theory on S 3 . The coupling constant, k, of the theory and rank of the gauge 
group, N, are related to the size of the P 1 and the string coupling as follows 

2ir 

T m = NX s , A S = F ^. (147) 

But for our geometry there is an extra subtlety because of the compact circle with boundary 
on S 3 . As discussed in detail in [12, 55] the CS action is modified if there are finite area 
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holomorphic maps with boundaries on the three cycles. In the case of such a holomorphic 

map the CS action gets modifies by the operator 

oo „ n 

o(t) = j2— TiUnTiVn > ( 148 ) 

71=1 

= log^Q^Tr^C/Tr^). 

R 

where U, V are the holonomies around the two circles of the annulus. In the case at hand 
U = V' 1 . Because of the geometry of the annulus in the target space we also have extra 
winding numbers. Thus the operator that modifies the CS theory action is given by 

oo 

J20(kr) (149) 
k=i 

Thus the partition function is given by 

Z = J VAe^W+^iOW = ( e XkOW) , (150) 



oo 



= J2 Qr k ^(UTr Rk UTr Rk U-'), 

#i,2,.. k=l 

Rl,2,- 

Rl,2,- 



W Rt ,(q,q ) is the quantum dimension of R, 



W R ,.= [[ m _ hR{hm , h R (i,j)=ii R , i -i + ii ie j-j + l. (151) 

(i,j)eR H H 

and is the perturbative contribution to the partition function, 

oo 

s- 1 = na - <f~ N ) k ■ ( 152 ) 

k=l 

The partition function can then be written as 

oo 

Z: = S;. l J[Y,Qf R {-iy R W R {q,q N )W R { q , q N ), (153) 

k=l R 

oo 

= II E Qi R (-lY R W R (q, q N )W R (q, q N ) 



k=l R 
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where 

K(Q,q, A) = J]Q^-1)^WV^)VM^) (154) 



R 



n=l 

~ gn nJV/2_ g -nJV/2 N2 

eX P I ~ V I on/2 _ -n/2 

n=l ^ ^ 



1 - <f +1+iV Q)(i - q r+1 ~ N Q) V+i 



(l-g^)(l-^ 2 Q) 
Since Q m = e~ Tm = q~ N the full partition function is given by 

Mno-ttXna-fl-v) n ( (1 ( r-^%:%? ) r - (155) 

fc=l fc=l fc,r=l V * ^ r7V ^ 

The above expression agrees with toplogical vertex computation, Eq( ll44l) . except for the 
first term, rj^L^l — Qr)- The reason for this is that in calculating the partition function we 
neglected the contribution coming from the annuli which does not end on the three cycle so 
that U, V are trivial. The contribution of such annuli is given by 

oo 

£# a = II(i-<ft-\ ( 156 ) 

R k=l 

which cancels the first term in Eq fll55|) . Thus the Chern-Simons computation agrees with 
the topological vertex calculation and moreover it naturally gives the partition function as 
an infinite product. 

Partition function of the 6-dimensional theory: Now lets consider the case of geome- 
try giving rise to 6 dimensional gauge theory with massive adjoint. The corresponding web 
diagram is shown in Fig. [30] below. The partition function is given by 

Z := J2 Q lR Q^Q l ^{- l f R+lR ^ lR2C RR^ C R^B{^ (157) 

= £y»(-i)^*(Qi,Q m ) , 



R 



where 



Z R {Ql,Q m ) = Yl Q l^ 2 Qm 1 ( — lY Rl +£r2 C RR2Rl C RtRlR{ (158) 
-Ri,-R2 
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/ 
R2 

Figure 30: The web diagram of the 6-dimensional adjoint theory. 
Using Eq fll2ip Z R is given by 

Zr = s fi (f^ ff (fO ^ ^Ql^^/^ff^-l^^t^^)) (159) 

Ri,R 2 Ri 

Ri 

(Y.^si-Qrnq-^-nSRi/R^ 11 -")) 
Ri 

Using the identity ( [82] page 93), 

^2s R/R3 {x)sRi /Ri {y) = Ylil+XiVj) J2 s RyR^ s R4/dy) • ( 160 ) 

R i,j R 

we get 

Zr = s R (q-")s Rt (q'P)l[(l-Q m q- h ^) (161) 

i,3 

Q[ R2 Q^(-^Y R+lR ^ R y R {q-' R - p ,Q m q m+P ) s R2/Rt {q^ Rt ~ P ,Q m q' Rt+P ) ■ 

R 2 ,R 

Where 

s R /Ri(x,y) = ^2s R/Ri (x)s Ri/Rl (y) , (162) 
Ri 
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The sum over R 2 and R can be determined exactly using the following identity ( [82], page 
93), 

Y,Qi A Q2 B {-^-Y A+tB SA,Bt{x,y)s A t /B {z,w) = (163) 

A,B 

M (1 - QiQ k ) 



z ° ~ nS^fil}( 1 -^--) 

00 

nn^ 1 - QiQm 1 ^^)^ - QiQnV*™)^ - Q k 1 Q k m q~ t " R ' i - pi+t " Rt - +pj ) 

k=l i,j 

(1 - QlQ^q-^A-Pi+^i+Pi) . 
The above expression can be simplified using 

Q(l - Q\Q k m q-' lR - i - fH+lt *j + i , >){\ - QXQ k m q-^*- pi+ ^ +p i) = (165) 

if (1 - gtQ* l <r» W) )(i - QiQm<i hi ' J) ) ' 

to obtain 

■ (166) 

tttt (i- QlQj- 1 q- h *M)(i - Q'Qj+Y^) 
li y (i - QlQ k m q- h ^)(i - QIQU^) ' 

- Z( i^n (1 ~ g - gMD))(1 ~ g - g " MD)) (167) 



n 



oeR 

(1 - g^g m g ft(D) )(i - Q k p Q m g- h{D) ){i - Q k P Q- n }g h{D) ){i - g;g^g- h(D) ) 

(1 _ QM»(D))2(1 _ Qfc g -MD))2 



fc=l v 7 v 

Where Z. is the perturbative contribution to the partition function and as discussed before 

Qp QlQmi 



Z.-[[(1-Q m q ) (11 (i-g^+iKi J (168) 

r=0 fc=l ^ J 



(l-Q^+i)(l-Q^— i) 
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Thus the instanton part of the partition function (which is zero for Q = 0) is given by 

= B^(n (1 - q "r^ w ) im 

R DGi? 

(i - <3i<J m s*< n) )(i - OjO„,<r' ,(a) )(i - ? Mn) )(i - Qi<K,V* (n) ) 



n 

fc=l 



(1 - Q*g fc (n))2(i - Qkq-Ku))2 



Note that for Q m = 1 i.e., m = the full partition function is given by 

(1 _ 



fc=0 



(170) 



5.1.2 iV = 2 



In this case the geometry is shown in Fig. [3TJ The partition function is given by 



R, 



R 



R 



R 2W 



Figure 31: The web diagram of the 5-dimensional U(2) adjoint theory. 

z-.= £ g^g^^g^-i)^^^^^ c* c^ck^c^ 
= ^0«*+ i fi(-i)^if R g(g mi g / ), 



(171) 



where 



K Rr(Q™ Qf) = E ^ ^'/(-i^^^^-Kx^BiB^^^C.^^. (172) 

^1,2,5 
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Using the identities involving the skew-Schur functions the above partition function can be 
written as a sum over R, R of a product involving Q m , Qf. However, we will use a simpler 
method which makes use of the fact that the geometry has only a few holomorphic curves 
which can contribute. 

To determine K RR (Q m ,Qf) note that in the limit Qf — > it is clear from the geometry 
(Fig. I3T1) that we get two copies of the partition function of the U(l) theory therefore we 



can write K R R as 



00 

k=0 (A A\ a u 



(1 _ q h(i,j)\2 

(i,j)£R,R 

ex P (E ^A(<f ) + ^^/ 2 (<f ) + &^M<f>] 
\ z — ' n n n 

n=l 

Here, the three terms in the exponential correspond to the contribution of four holomorphic 
curves in the geometry. There are three terms rather than four since we are taking the area 
of the two exceptional curves to be equal to T m . The contribution of the two curves which 
are locally like the conifold is given by the prefactor in the above equation. The coefficients 
fi(q) can be determined from Eq. (j!72p by expanding it to linear order in Qf, 
, , \ C D , R C R t n9 ^ W RD W Rtn ^ g ^ 

h{q) ~ C.. R C~ Rt „- W R W~ Rt ~ {l-qf {U6) 
f 2 (q) = -2A(g), 

h(q) = fi(q), 
where we used the identity 

C. RlR2 = W RlRi q^ 2 . (174) 

K RR {Q m ,Q f ) = K..(-Q m ) R * [I _ 2 (175) 

(i,j)eR,R 

TT ( {l-Q f q h ){l-Q f Qlq k ) \C^) 
1U (l-Q f Q m q k ) 2 J 

where Ck(Ri, Ri)q k = f R iR 2 (q)- contributes to the perturbative part of the partition 
function, 

K.. = I] ((! - Qmq k+l f (1 - Q f q k+1 )(l ~ QfQl){l - QfQ m q k+1 y 2 ) ■ (176) 

fc=0 
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Define Qf = QfQm — e 2a/3 , where a is the Coulomb branch moduli, then the full partition 
function is given by 

Z = K..^ iQQm) ^ n (177) 

tt / (i - QpQ^g k ){i - gFQ m g fc ) \^^) 
11 v (i-Qf^) 2 / 

Using the following identity [72] 

TTn - I0 *r^^^ = f4xr^^ TT SiDh f( 2a + ^i,t-^ + j-0) 

V Sinhf(2a + ft(j-i) 

where x = e~ 2/3a and g = e~ l3h it is easy to show that the above partition function agrees 
with the results of [57]. 

Generalization to the case of U(N) is simple using the corresponding web diagram discussed 
in section 3 and the A/v-i Weyl symmetry present in the geometry, 

= e +<" n (1 - Q ^-^' J,) d78) 

Ru-Rn (i,j)eRi, 2 ,... ,n 

tt n / (l - Q^Q~V)(1 - g^g^ N^^) 
H 11 V (l-Q F ..q k f ) 

l<i<j<N k v I 

Where Q^. = e -^- a j). 

Partition function of the 6-dimensional theory: The geometry giving rise to 6 dimen- 
sional theory is shown in Fig. [32j The partition function is given by 

L ■ - ^ R ^i^>m LJ f {-I) R R* S Ri S R\ R Rt SRs S* R\ R ' 

R,R,S,Ri,2,S 

= J2y R+ H-iY R+eR KRR(Q m ,Qf,Qi) , 

R,R 

(179) 

where 

K-RRiQm, Qf, Qi) 

Vm W/ Vl l-J-J S °K*5iii ( ^S t R\R^RtSR2 U S*R^R ' V 7 
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Figure 32: The web diagram of the 6-dimensional U(2) adjoint theory. 



We can write fC RR as 



fc RR (Q m , Qf, Qi) _ ( A {QiQ 2 m Q f ) nk . a , , 



£ R R(Qm,Qf,Ql = 0) K nj^i n 

The coefficients / n ^ can be determined easily by comparing the above expression with 
Eq. (I18O0 . It turns out that f n ^ is independent of k and has the form 

fnAQm,Qf,q) = f(Q n m ,Q n f ,q n )- (182) 
The function f(Q m , Qf, q) is given by 

f(Qm, Qf, q) = l - QffuRt - Qf l f R tji + 2QfQmf RR t (183) 
+2{QfQ m y l f Rt ~ R - Q f Q 2 m f RRt - (QfQir'fvn - (2 - Q m - Q7 m l ){f R , R M) + 

-(T^(^ + Q / 1 + 2 ^^ 

It is easy to see from Eq fll8ip and Eq fll83j) that the partition function of the 6-dimensionaltheory 
is given by the following substitution in the corresponding 5-dimensional partition function, 



65 



5.2 U(N) with Nf = 2N 



5.2.1 N 



We start by discussing the case of U(l) theory with two hypermultiplets in the fundamental 
representation. The CY geometry which gives rise to this theory via geometric engineering [1] 
is well known and is blowup of T*P X x C at two points. The toric geometry of this CY space 
is encoded in the toric web shown below (for more details about toric web see [39,54]). Since 



B 



E 2 



Figure 33: The web diagram of the 5-dimensional U(l) theory with two hypermultiplets. 



this geometry is so simple it is possible to write down the partition function almost without 
any calculation using expression for the free energy in terms of integer invariants [10,11]. 
The only holomorphic curves in the geometry are B, E 1 , E 2 , B — Ei, B — E 2 , B — Ei — E 2 
with integer invariants [54] 



N 9 B 



N B _ El _ E2 - -5gfi , 



185) 



J 9,0 



It is easy to derive the above expression from the definition of the integer invariants. To see 
this note that the curves Ei and B — Ei are rigid and therefore the corresponding moduli 
space is just a point. On the other hand the moduli space of B and B — E\ — E 2 is C. Hence, 
since the genus zero integer invariant of a curve C with moduli space M. is (— 1) mM x(M) 
therefore N B = N B _ Ei _ E2 = — 1 and N E . = N B _ E _ = 1. Thus the instanton part of the free 
energy is given by 



71=1 



Qb - K n - A 2 n - Q n b K n - Q^2 n + QlK n K n 



n(q 



n/2 



V2)S 



(186) 
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where Qb = e Tb , Aj = e TE i and T&, TE t are the area of curves B and Ei respectively. 

The partition function Z = e F can be written easily using the multicovering structure of the 
free energy and is given by 

7 7 u (±z Ar W +1 ) fc+1 (i - A 2 W +1 ) fc+1 (m7 , 
Ik (! " ^ fc+1 ) fc+1 d - Q b K l \- 2 \ k+1 ) k+1 ' 1 J 

where 



z pert = n(i-ArV +1 ) fc+1 (i-A 2 v +1 : 



\fc+i 

fc=0 

and gives the perturbative contribution to the prepotential in the 4D field theory limit 
because in this limit (3 — > such that 

Q b = (^)\ A,, = e^\ q-l*. (189) 

The partition function of the pure 5D U(l) theory is recovered in the limit Aj — > oo. 

For the U(l) theory we are discussing we saw that the corresponding geometry is simple 
enough to allow us to write down the partition function directly. However, for U(N) with 
N > 1 the corresponding geometries are such that the partition functions can not be derived 
so easily. For this reason we now derive the partition function using the open-closed duality 
via geometric transition [54] since this method can be extended to the case of geometries 
giving rise to U(N) theories with Nf = 2N. The geometry shown in Fig. [3H has two 
exceptional curves Eip with normal bundle 0(— 1) © O(-l) and therefore the geometry 
in the neighborhood of these curves in that of resolved conifold. Thus these curves can 
be shrunk and deformed into two three cycles which are topologically S 3 . The A- model 
partition function is then given by the partition function of U(Ni) x U(N 2 ) Chern-Simons 
theory on the two three cycles modified by the holomorphic maps between the two three 
cycles as shown in Fig. [M] below. The partition function in this case is given by 

S C3 (A 1 )+S cs (A 2 )+0(r) _ ^ lgo ^ 



Here, Ai^ are the U(Ni^) gauge fields on the two three cycles respectively and 0{r) is the 
contribution from the annuli shown in Fig. [34] of length r, 



o.n = ^ e -^Tr^ W/2, (191) 

R 
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— ftl 











Figure 34: Transition from closed string geometry to open string geometry by a geometric transi- 
tion. 

where is the holonomy of around the two boundary components of the annuli. Thus 
the partition function is given by 



z = ^e-^Tr^xXTr^), (192) 

R 

= (5- 1 ) 00 (g, Ai) (5- 1 ) 00 (g, A 2 ) e ~ riR w ^ A w r(Q> a 2) > 
where (Tr R f/ li2 ) = (S^Mg, A 1)2 ) = (S-% A 1)2 ) and 

^ A ^ = II > M A = ^ /2AV2 - ^ X/2 A~ V2 . (193) 

d,j)eR [ll[h3)l 

is the quantum dimension of the representation R with Aj = g^. Thus the partition function 
is given by 



Z Zp er i 



(194) 



R 

Zpert Zi ns t 



where Q = e~ r and Z pert = (S~ 1 ) 00 (q, Xi)(S~ 1 )o (q, X 2 ) gives the perturbative contribution 
to the prepotential in the field theory limit such that A, = e' 3 " 1 '. In terms of the 4D gauge 
theory (3 — > and 



(195) 



q = e 



-j3h 



\i = &- 

The sum giving the partition function can be evaluated to get a product formula 

oo 

Z per t = - ArV +1 ) fe+1 (l - A 2 ~y +1 ) fe+1 , (196) 



fc=0 
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and 

Zi ns t = ^g^^(g,A 1 )^(g,A 2 ), (197) 

R 

Q r 



oo (i _ g7|I g fe+i)fe+i(i -Q^K q k+y+i 
J? o (1 - Qv«g fc+1 ) fc+1 (l " 7&^' +1 ) fe+1 

— (i - Ar 1 g 6 ? fe+1 ) fe+1 (i - a 2 w +1 ) fc+1 



fc=0 v 



(1 - Qtgfc+^fc+^l - g 6 Ar 1 A 2 V+i)*+i 



where g& = QyX\\2 and the partition function of the pure 5D U(l) theory is recovered in 
the limit 

Aj — ► oo , g^ = fixed . (198) 

It is easy to see that the above partition function agrees with the one given by Nekrasov and 
with the one given in Eq. (|187p . 

Partition function of the 6-dimensional theory: To discuss the six dimensional case 
and the corresponding geometries we will have to make toric web diagrams periodic around 
one extra direction, as discussed in section 3. Consider the case of 0(—l) © 0(— 1) — ► P 1 
blown up at two points, i. e. the geometry we considered in the previous section. In this case 
we can glue the external lines to obtain the geometry shown in Fig. [351 below. 

To obtain the partition function we divide the geometry in two parts as shown in Fig. [35T b). 
Then the partition function is given by 



Z = ^QPi-tfWRiQmiMK&iQrnaiQl) , (199) 
R 

where 

K R {Q mi Q x ) = Y,Qi S Q^i- l ) ls ^ RlC »^R\C RimSl (200) 

Ri,S 

= (-i)^(g-")E*«- (" 1 )^ + ' fl 

S,Ri 
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Figure 35: The web diagram of the 6-dimensional U(l) theory with two fundamental hypermulti- 
plets. 



Summing over R\ we get 

K R = {-lf R s R {q- p )\[{l-Q m q 



(201) 



S,R 3 ,R 4 ,Rs 



Simplifying the above expression by summing over gives 
K. R = (-l) tR s R (q- p )\[(l-Q m q-^-^) 



(202) 



1, j 



QlQ™ 5 {-lY s ^s s/Rl {q-'\ Q m q^ +p )ssyR 5 (q-» Rt - p , Qmq- p ) ■ 

S,R 5 



Using the identity Eq fll63|) we get 

K R = (-lY R s R (q- p ) J](l - Q m q-^~ p '- p >) (203) 

The above expression can be further simplified tc@ 



K. R = K..(-\)'"s R { 



n(i-9-^)(n (1 " < * KI ^ )(1 " < * ? "^ : 



(i,j)eR 



\ C 1 - Qp^ {i ' j) )(l - Q k p q- h ^) 



7 This simplification requires the identity: j q pa - i+Pi+p - 



(l-q)' 2 ^ ^(*,i)efl 
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where /C. is the perturbative contribution 



JC.(Q m ) = H(l-Q m q r+1 ) r+1 (Yl 



'i-Q k P Q^q r+1 Y +1 (i-Q k P Qmq- 



r— l\r+l 



r=0 k=l 

Thus the full partition function is given by 



(i-Q*)(i-Q*<r w ) ar+a 



Z = K,.{Q mi )K.{Q m2 )Y^Q l h « J] ±— 

oo 

n 



(I — a h R {i,j))(l _ a -h R (i,j)\ 

R (i,i)e-R v H ' 
1 - QJQ"^-*)(1 - Q k p Q mi q l - j )(l - Q k p Q- m \q^){l - Q k Q m2 q 



fc=i 



(1 - Q k q h R^) 2 (l - Q*q-h R {i,j)y 



The 5D limit is given by Q — > and the 4D limit is given by (3 — > 0. 



5.2.2 iV = 2 



(204) 



(205) 



The Calabi-Yau geometry giving rise to this theory is shown in Fig. [36] below. The partition 

Ri 



B 



t- 



t 2 

tl 
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R 



R, 



a) 



b) 



Figure 36: a) The web diagram of the 5-dimensional U{2) theory with four fundamental hyper- 
multiplets, b) the corresponding open string geometry obtained by geometric transition. 

function for this case was calculated in [54] and is given by 

Z = Q%Q%Q%Q% W RMKq)W RiR3 (\ 3 ,q)W R3R2 (X 2 ,q)W R2Rl (\ 1 ,q), 

where 



Qb 12 = e~ TB ^ , Q Fl2 = e~ TF ^ , Ai, 2)3j 4 = e' 1 - 2 * 3 - 4 



(206) 
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Tg- and Tp. are the lengths of the annuli shown in Fig. [36Tb) and t a are the area of the four 
exceptional curves and 

W Rl Ba = Y, N lR^ {KR ^ Rl ^ R2)W R- ( 207 ) 
R 

The partition function can be written as Z = Z pert Zi nst where Z pert is the perturbative 
contribution to the partition function and Z inst is the instanton contribution. From the dis- 
cussion of section 3 it follows that the instanton contribution arises from the terms involving 
Qb^ 2 - m the following we will focus our attention on the instanton contribution only. 

To determine the partition function note that it can be written as 



\£r 1 s^-R 

Ri,R 3 

where 



Z— Qb?Qb?G Ri r 3 (Q Fi , Ai, \2)GriR 2 {Qf 2 , A4, A 3 ) , (20<: 

Ri,R 3 



Gr 1 r 2 (Q, Ai, A 2 ) = '£ ( W RlR (q,\ 1 )W RBa (.q,\2)Q iR . (209) 

R 

As discussed in [54] before the Hopf link invariants W Ri r 2 (X, q) are given by Schur functions, 
sr(x). Using the identity 

R i,j 



00 



= Exp(^^-/(x",y")), f(x,y) = Y f Xiy j . 

n=l i,j 

we get 

G RlR2 (Q,X 1 ,X 2 ) = W Rl (q,X 1 )W R2 (q,X 2 )Exp^^F R ^(q n ,X n 1 ,X^Y), (211) 

n=l 

The function F RlR2 can be determined easily by expanding Eq fl209l) to first order in Q, 



pR\R 2 _ = ^X 2 j RlR2 - Jy-fa- \^f Rl (212) 

V Ai V ^2 

Where the function f R and f RlR2 are given by 

f R (q) = £ ^ (213) 

(i,j)eR 

/W<?) ■= E^(^i,^2)g fc = (g + g- 1 -2)/H 1 ^ 2 + ^ 1 + // ?2 . 

k 
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Using the above definitions in Eq (l209j) we get 

G RlR2 (Q, K A 2 ) - G 00 (Q, A 1; A 2 ) — - gkVX[X - 2Q)CM) ■ 

The full partition function is given by 

Z = Z pert J2Q%Q%W Rl (q,X 1 )W R2 (q,X 2 )W R2 (q,\ 3 )W Rl (q,X,) 

Rl,2 

ruci - q k J¥ 2 Q Fl ) c ^na - ^J^q^^o- - q k J¥ 4 Q F2 ) c ^'Ki - q k J^QF 2 ) c ^ 



n fe (l - qXV^QF^^Hl - q k VX^Q F2 ) c ^ R ^) 

(214) 

Define the renormalized Kahler parameters Tf,j of the base and the fiber P 1 , 





= T b - 




(215) 


Tb 2 


= T b - 


\(h + U), 




T Fl 


= T f - 






Tf 2 


= Tf~ 


\(f 3 + u). 





Then in terms of the renormalized parameters we get (Ck{R) = Ck{R, •)) 

J2Qb +h z RuR2 II^ 1 - q'KY^Xi - q'x^Qff^ii - q- k x^) Ckm (^ - q k X 2 l Q f ) c ^ 

Rl,2 k 

(1 - q- k Xz l f^\l - q k Xz l Q f ) C ^\l - q k Xt) Ck{Rl) {l ~ q k X^Q f f^ . 

(216) 



Where 



AO) C Rl (q) 2 C R2 (qy 

JRlR2 Uki 1 - q k Q) Ck{RuR2) ' 



The renormalized parameters are define such that in the limit A, — > oo we get the partition 
function of pure 5D gauge theory, i.e. the A-model partition function of local P 1 x P 1 . 

To obtain the partition function of the 4-dimensional gauge theory we have to take the limit 

Q f = , A a = e- pma , q = e"^ , (3 i-> . (218) 
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In this limit it is easy to show that Eq (l217l) agrees with the results of [5]. The case of 
Nf = 0, 1 was discussed recently in [79]. 

U(N) with Nf = 2N: The Calabi-Yau geometry in this case is shown in Fig. [37] below. The 



Figure 37: The web diagram of the 5-dimensional U (N) theory with 2N fundamental hypermul- 
tiplets. 

partition function can be calculated using either the topological vertex or the Chern-Simons 
theory. We just state the result which can also be obtained from the Weyl symmetry present 
in the geometry and the result of the U(2) partition function calculated before. In this case 
the partition function is given by 



Z '■— ^2 Q%Q% ' ' ' Q 1 b n Kri-r n (^i,...,n, Qf 1 ,...,f n ) K Rl ... RN (X N+lt ,„ : 2N, Qf!,...,^) -(219) 



where 



Kr,i-r n (^i,...,n,Qf 1 ,...,f n ) — ll GRi^jiQij, K, Aj) 

l<i<j<N 



(220) 



where Qy = [JjUl Qh- Define 




(221) 



Qhi — Qb/ a/AjA 



■N+i ■ 
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Then we get 



N 



ytl+-+i N 7 (0) 

h z 



(222) 



Ri,...,n i=l ft 

x n nc 1 - a- - a~ 

i<j<i<Af ft 

x(l - 9 fc A^g^)^^)(l - ^X^Q^f"^ . 

In the limit Aj — > 00 we get the partition function of the pure 5D SU(N) gauge theory with 
zero Chern-Simons term. 



6D case: In this case the partition function can be calculated from the geometry shown in 
Fig. 1387 a) below. To calculate the partition function we will slice the geometry in two parts 
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a) b) 

Figure 38: a) The web diagram of the 6D U(N) theory with 2N hypermultiplets, b) the half of 
the web diagram used to calculate the partition function. 

(shown in Fig. 138T b)) and after calculating the partition function of each part we will glue 
them together. If we denote the partition function of the geometry in Fig. 1387b) by Kr v ..r n 
then the full partition function is given by 

Z= z2 ' ' 'Q 1 b n Kri-Rn(Qfi,2,...,n> Xi,...,n, q) Kri-r n (Qfi,2,...,ni Xi + N, q) ■ (223) 

Rl,...,N 
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In calculating K^...^ we will have to take into account the contributions from annuli which 
start and end on the same three cycle and wind around the circle arbitrary number of times. 
Also contribution from annuli which start and end on different three cycles after winding 
around the circle arbitrary number of times have to be considered. It is easy to see that 

1=1 R W 

(224) 

x E k Qij k \fif) A \^, flj - 

'^J!- rx 0,l,2,... 

Using the above expression in Eqf l223j) we can evaluate the partition function as a series in 

Q P - 



6 Instanton moduli spaces and partition functions 

The most direct connection between geometric engineering and the gauge theory perspective 
appears in 5 dimensional theories with geometry R 4 x S 1 , where we view R 4 as space and S 1 
as the Euclidean time with radius (3. In particular consider M-theory on X x R 4 x S 1 where 
S 1 has radius (3 in M-theory units. Let Tf 1 denote the Kahler moduli of CY in M-theory 
units. Assume X is such that it engineers an M = 1 supersymmetric U(N) gauge theory 
in 5d. Moreover consider breaking U(N) — > U(l) by going to a generic point on Coulomb 
branch given by Kahler moduli af 1 . The Yang-Mills coupling constant is 

J- = n 1 , (225) 
9ym 

where Tg is the Kahler moduli of the base measured in M-theory units. Instantons are 
BPS particles of this theory and they can carry U(l) charges. The BPS mass of such an 
instantons is given by 

m = kT^ 1 + maf 1 , (226) 

where k denotes the instanton number and n» denotes the U(l) charges. Compactification 
on a circle of radius j3 lead to computations of the form 

Tr exp (-/?#) , (227) 
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where for BPS states 



pH = pm = f3(kT™ + ma?) . 



(228) 



From the perspective of 4d type IIA string on CY, this can be viewed as computing the 
partition function of topological string because the metric, or Kahler form, as measured in 
type IIA strings and M-theory differ by 



thus (3m = f3(kTg + niaf 1 ) = kT^ + n^a^. This explains the fact that from type II string 
perspective the topological string partition function was related to Trexp(— T) where T 
measures the size of the cycles in type IIA units. Thus topological string partition function 
for type IIA strings can be viewed as an M-theory partition function on a circle, or a 5d gauge 
theory BPS partition function on a circle. Thus the second quantized partition function 
of BPS states we have computed in the context of topological string should be related 
to some suitable partition function of second quantized BPS states involving instantons 
of the gauge theory. This then makes contact with the work of Nekrasov [5] where he 
developed an instanton calculus precisely for such cases. The link between the topological 
string computations and the 5d gauge theory computation of Nekrasov has been proven 
in [71,72]. Our main aim in reviewing aspects of it here is twofold: First we want to generalize 
these to gauge theories in 5d involving adjoint fields, secondly, we wish to generalize these 
to 6d gauge theories compactified on T 2 . 

Before describing the calculations in detail we first make some general comments about the 
meaning of the "instanton partition function" . In the conventional setting charge k instanton 
effects are calculated in terms of a zero- dimensional (matrix) supersymmetric sigma model 
with the /c-instanton moduli space of U(N) DJlk,N as target (see [58]). The exact details will be 
somewhat different for the theory with an adjoint as opposed to fundamental hypermultiplets. 
The sigma models are coupled to various isometries of the target space. Firstly, to the abelian 
subgroup U(1) N C U(N) of the global gauge group which acts on Wlk,N- This gives coupling 
which depend on N parameters which are identified with the VEVs a« of the parent theory. 
These coupling imply that the integrals over Wlk,N localize over fixed points of global gauge 
transformations. In particular, the fixed-point set consists of the moduli space of point-like 
instantons [59,60]. This is still a complicated space to integrate over. The additional insight 



(3kM — kjj , 



(229) 
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of [57] was that if one, in addition, coupled to isometries corresponding to the abelian 
parts of the Lorentz group, involving two parameters e\ and then the fixed-point set 
becomes discrete. The instanton partition function can then be expressed as a sum over 
these discrete points and each contribution is a ratio of the usual fermionic and bosonic 
fluctuation determinants. 

If we now lift the theory to five- dimensions compactified on a circle, instantons in four- 
dimensions are now solitons in five-dimensions whose world-lines can wrap around the circle. 
The instanton partition function now involves quantum mechanics on the instanton moduli 
space and due to the couplings to the isometries defines an equivariant generalization of an 
index on VJtk,N- The localization techniques are still valid the only difference being that the 
fermionic and bosonic determinants now include a product over all the Kaluza-Klein modes 
of fluctuations. 

We will also be interested in F-theory compactifications on elliptic threefolds times a T 2 . 
From the viewpoint of 6d theory, we now have a 1+1 dimensional sigma model from T 2 to 
the instanton moduli space. It is now clear that whatever index one is computing will be 
replaced by the corresponding elliptic index, where the complex structure of T 2 will enter 
the elliptic index. We will discuss this in more detail below in the context of our main 
example which is the mass deformed (1,1) supersymmetric theory in 6D compactified on T 2 
(giving Af = 2* in 4D). In this case the localization procedure naturally involves replacing 
the weights of the circle actions X{ by its elliptic generalization 0i(^Xj|/?)|^ 

6.1 Calculation of 5D partition functions 

In this section we use the instanton calculus to compute the mass deformed M = 2* BPS 
partition function in 5D. As has been shown in [5] the relevant index computation involves 
the Xy genus of the instanton moduli space. 

8 In the following we shall for the most part make the simplifying choice e\ = —62 = e. 

9 The fact that this depends on only p rather than its conjugate is a reflection of the fact that only the 
anti-holomorphic modes contribute: the ratio of determinants of the fermionic and bosonic holomorphic 
modes cancel. 
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For a closed complex manifold 971, its Xy genus is defined as 

Xy (pJt) = y P (-l) P dim/F(rni,A p T*9Jt) = A p T*97t) (230) 

p,g>0 p>0 

d 



/ 



chA_ y (T*aJl)Td(SDT) = / f[(l-ye- x ') 



1 — e x j ' 



where {xi, . . . ,x d } denote the Chern roots of T97t, the tangent bundle. If 97t has a torus 
action with isolated fixed points {p±, . . . ,p n } and weights {w it i, . . . , w it d} at Pi then it follows 
from localization theorem 

n U d (1 - ve~ Wi A Wi ' j 

m = E iu< 1 J w-., (231) 

1 — ye 1J 



= eiit 



=1 j=l 

For the case we are interested in, 971 = VJlk,N, y = e _/3m , and the fixed points and weights at 
each fixed point of 971^ under the U(1) N x U(l) x U(l) action were calculated in [5,75]. 
The group U(1) N x (7(1) x U(l) mentioned above is the Cartan of the gauge group and the 
spacetime rotation group. The fixed points of 971^ are in one to one correspondence with 
the partitions of k into A" colors i.e., the fixed points are labelled by A" representations R a 
of U (oo) such that 

k = £ Rl + £r 2 + ■ ■ ■ + £r n . (232) 

Let us denote the corresponding Young diagrams by fi 1 (and the transpose diagram by //'*) 
then given a fixed points of 9Jlfe,jv labelled by (/i 1 , . . . , fj, N ) the corresponding weights are 
given by [5, 73-75] 

N 

^2 e Wi,j = ^ e P(a a -a 7 )^ ^ (fi _|_ ^ q-rf+S^-i-j^y (233) 

i,3 ".7=1 (jj)eRa (i,j)tR-, 

For the case of A/" = 1 we see that the above expression simplifies to 

(q h ^ + <T h(i J) ) , Kh j) = IH + H) ~ i ~ 3 + 1 (234) 

(i,j)eR 
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Using the above weights for the N — 1 case in Eq. (12321) we get 

- l^Q 2^ 11 a _ MM))fi_o-MM)) ' (235) 

This agrees exactly with the Eq. f!145j) which was calculated using the topological vertex if 
we identify y = Q m . 

For N > 1 using the weights given above in Eq. (1233 j) in Eq. (I232j) we get 

k 

V riZi-iin- TT TT (l-ye^ »-*r5 g f?+Mi'' r - < -i+ 1 ) yr (i- ye P(*~-<h) q -i>l+i**' a -*-j+i) 

Q 1 11 11 — a ) uf+^t-i-j+l, 11 Q _ e /3(a a -a 7 ) -tf+ li t, a _ i _ j+1 , 

Ri,...,n a,7=l (ij)6fla l 1_e ^ ^ J (i,i)eAy 1 y ' 

(236) 

which also agrees with the £7(2) case discussed in the last section for N = 2. 



6.2 Calculation of 6D partition function 

In this case, the instanton partition of the six- dimensional theory can be interpreted as the 
generating functional for an elliptic genus of the instanton moduli space, 

Z = J2Q k xm, N ) ■ (237) 

k 

The elliptic genus x(!9Jt) is defined as the partition function in the Ramond-Ramond sector 
of the M = 2 two-dimensional sigma-model with 9Jt as target on the torus T 2 [80,81]: 

X(£0t) = Tr ((-l) F y FL Q^ Q p Lo e^ a ^ +eiKl+e2K ^ , (238) 

where 

Q P = e 2mp , y := e~? m , (239) 

F = Fl+Fr, the sum of the left and right fermion numbers. The remaining terms correspond 
to coupling to abelian isometries of 9Jt. The charges J, corresponding to the U(1) N C U(N) 
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of the gauge groupj^j while Ki )2 are the charges corresponding to the abelian subgroup 
L^l) 2 C SU(2)l x SU(2)r of the Lorentz group of R 4 . Note that naively Z vanishes if we 
include the right-moving fermionic zero mode on R 4 which is always a factor for QJt^jv, and 
so this trace is meant with the zero mode deleted. This reflects the same condition for BPS 
partition function, namely we only include the lowest component for each BPS multiplet. 

The simplest example is given by taking N = 1. The U(l) theory does not have smooth 
instanton solutions. In fact one way to think about instantons in an abelian theory is to 
turn on spacetime non-commutativity. In that case, there are instanton solutions whose only 
moduli correspond to the positions of the individual instantons. A single instanton has a 
moduli space R 4 which represents its position in Euclidean spacetime. For charge k, the 
moduli space is a smoothed version of the symmetric product 

27t M ~Sym fc (R 4 ) . (240) 

For the six- dimensional theory, we can work directly in terms of the symmetric product. 

The elliptic genus for one instanton, for which 97ti,i — R 4 , can be written down straightfor- 
wardly. Choosing e\ = — e 2 = e, 

fm n v ^ (1 - Q n p ag){l - Qr W^l - g>- 1 g)(l - QrVr 1 ) 
x(3*i,i,C,,y,*) = n WW 

= g 1 (|(6 + m)|p)g 1 (|(6-m)|p) (241) 

where 

y = e' 13 " 1 , q = = e~ Xs . (242) 

This expression as a function <f>(p, zi, Z2), y = e 2mZl , q = e 2?nZ2 is a weak Jacobi form of 
weight and indices 2 and 0, for z x and z 2 , respectively. 

For higher instanton number we can apply the formula of [13] for the elliptic genus of a 
symmetric product. If 

X (m) = Yl cCn.Pi.ft,, . . )Q n p yTyf • • • , (243) 

n>0,pi,p2,~. 



'Only SU(N) acts non-trivially on 9JI so we can fix J2i=i a i = 0- 
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then 

oo oo 1 

E^sy^wH n n (i-q W v 2 ---)^^--) ' (244) 

fc=l fe=l,n=0pi,p 2 ,.- V ^pyi V2 J 

where we have allowed for coupling to an arbitrary number of conserved quantities though 
yi,y 2 ,---. In the present case, we have coupling to two charges through a and q. The 
instanton partition function is then equal to the generating function (I244p with the c(n, pi,P2) 
extracted from (12431) . The fact that the relevant moduli space is that of a genus 2 curve, as 
we have found before, was already noted in [13] in the context of elliptic genus of symmetric 
products. The problem of interest there was related to computation of entropy of 5D black 
holes [14] where the relevant space is the moduli space of instantons on K3 or T 4 , as opposed 
to the case of interest here which is R 4 . 

In the last section we saw that localization allows us to write the Xy genus of 071 as a sum of 
contributions from the fixed points. The elliptic genus of DJl can similarly be written as the 
sum over the fixed points with weights Wij, 

«m\ V- TT ( Ll y e ~^ f TT ) C 1 ~ <ff ^ 1 ^ } \ \ ^ 

xm =Ln u-e-^ (n (i-g^o(i-Q^) )) ■ ( } 

i=l j=l k=l K 7V ' 

Let's first consider the case of AT = 1. In this the weights are give by Eq. (I234p . Substituting 
then in in the above equation we get 

2^Q x{^k,i) - 2^Q 11 fl _oMM))n 

k R (i,j)eR y H A H ' 

~ (1 - Q n p yq h ^)(l - Q n p y- l q- h ^))(l - Q n p yq' h ^)(l - g^V^f) 
11 (1 - Q n p q h ^)) 2 (l - Cfyq-HU))* 

This agrees with the topological vertex computation of the last section, Eq. (117Qp . once we 
use the identification y = Q m . The above expression can also be written as 

z = \^ iR TT Ml (M^> + m)|p)fli(|(frfcj)e - m)\p) 

One can easily check by hand that the two expressions Eq. (12441) and Eq. (I246p agree for the 
first few terms. 
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6.3 Extracting the Curves From Instantons 



In this section, we show how the curves of our two six-dimensional theories compactified 
on a torus can be extracted by using instantons. In a sense this is already done in the 
previous section, when we showed that A-model topological string amplitudes agree with 
the instanton calculus computations. Since one knows how to extract the mirror curve in 
the A-model setup, this is a proof of how one can extract the curve from the instanton 
calculus. However, one can also do this directly as was done in [57]. 

The central quantity is the instanton partition function which is a given by a sum over 
instanton numbers of the form 

Z = Y,Q k Z k , Q = e 2 ™, (247) 
k 

where r is the complexified coupling of the theory. The associated free energy has an expan- 
sion which includes the prepotential JF as well as a whole series of gravitational couplings: 

Z = exp(^^- 2 ) . (248) 

The curve appears in the limit of X s —>■ 0. 



6.3.1 The theory with an adjoint 



From our discussion of the last section where we computed the instanton partition func- 
tions from the topological vertex and the localization calculation (Eq(236)) we see that the 
instanton partition function for the U(N) theory with an adjoint can be expressed as [57] 

Z(oj) = exp {le(a>i ~ dj) ~ 7e(°i - a j + 

ij 

x V q £r i + ~ +£r n TT a<K<li - aj + €<yfiip - ^ + q - p ^ a<yai ~ aj + e ^ q ~p) + m ) 
r ^ Rn (i, P )Ju,Q) a ( ai _ aj + e ( q ~ p ^ a ( ai ~ a i + e ^p -vi + (i-p) + m ) 

(249) 

The sum is over colored partitions of k, the instanton charge, as in (I232p . This is a partition 

of k into N Young Tableau {Ri, . . . , Rn} with a total of k boxes described by the data 

m N 

i4>f£ >•••>< x>i=^> E^ = iV ' ( 25 °) 

p=l i=l 
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for i — 1, . . . , N. The instanton partition function given above although looks different but 
is exactly the equal to the one calculated in the last section (for the case of U(l) and U(2)) 
if we use the following two identities [72], 

TT Cr(m - flj + j - i) yr 1 

11 <r(i-i) ~ 11 (rHh(i,j))' [ ' 

yc ~r~r cr{a^ + e(//f - /ij + j - i)) ^ 1 = 

The integers Cfc(i?i,i? 2 ) were defined in Section 4, Ck(Ri, R2)Q k — 
For the four, five and six-dimensional theory, 

a 4D (x) = x , a 5D (x) = sinh(f ) , a 6D (x) = 0i(§|p) (252) 
respectively. In addition, the kernel 7^(2;) is defined by the finite difference equation 

7 e (x + e) + 7 e (x - e) - 27 e (x) = log a{x) . (253) 

In the four-dimensional case, the partition function can be simply written in terms of a sum 
over certain "paths" f(x) which are associated to the colored partitions. In concrete terms, 
it is simpler to work on terms of the second derivative of f"(x): 

N n, 

f"(x) = 2 ^ ( £ - «i - <4 -p + l))-5(x- ai - 6(^4 - p))) + <J(z - en*)) . (254) 
j=i p=i 

In the limit e — > 0, f"(x) becomes a positive density with N intervals of support along N 
open contours Ci with end-points 

C 4 = [r 4 , Si \ i = l,...,N (255) 

located in the vicinity of e^. This picture naturally extends by continuity to the six- 
dimensional theory where now f"(x) is defined as a density in T 2 with support along the N 
contours (12551) . 

The following identities arise from (12541) . First of all, one has the normalization condition 

dxf"(x)= 2. (256) 
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Secondly, the VEVs are recovered via 

<H = \ I dxxf"{x) , (257) 

while the instanton charge is 



Ci 



8=1 

where the union of all the contours is 

N 



i - i r 

k = -^J2 a ' + ^ j c dxx 2 f(x), (258) 



C = {J&. (259) 



In the e — > limit, Z is dominated by a saddle-point determined by minimizing the functional 

£[f"] 

£[/"] = -! / dxdyf''(x)f''(y)(j (x-y)-±j (x-y + m)-^ (x-y-m)) 

(260) 



c 



ITTT 

~2 



I dxx 2 f"(x) + Ai(flj — | / dxxf'(x)) . 
Jc i=1 Jc t 

in which case 

Z ~ exp ( - €" 2 5[/"]) . (261) 

In the above we, have included Lagrange multipliers Aj to enforce the fact that the a% are 
fixed. The kernel 70 (x) is the first term in the small e expansion 
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lew =j2^( x y 9 ~ 2 ■ ( 262 ) 

9=0 

It follows from fl253|) that 

rt(x)=\og<j(x) . (263) 

We can now calculate Z in this limit by finding the saddle-point. In fact rather than calculate 
Z we shall see that the Seiberg-Witten curve arises in the description of the critical density 
f"(x). To start with, the saddle-point equation is, for x G Ci, 

dy f"(y) (jo(x - y) - §70(2: -y + m)- |7o(a; -y - m)) + inrx 2 + XiX = . (264) 

85 



In order to solve this equation, it is convenient to introduce a resolvent 

u{x) = f dyf"(y)d x \o g e 1 {f i (x-y)\p) . (265) 



c 

This is a multi- valued analytic function on T 2 , since it picks up an additive piece under 
continuation around the 5-cycle, 

Q(x + 2iri/p) = u)(x) , £o(x + 2mp/(3) = u{x) - 2/T 1 , (266) 

with A" branch cuts C%. As usual with a resolvent, the discontinuity across a cut is propor- 
tional to the density: 

u(x + e) - u{x - e) = 2mf"(x) , x eC , (267) 

where e is a suitable infinitesimal chosen so that x ± e lie infinitesimally above and below 
the cut at x. The third derivative of (12641) with respect to x can then be written 

u(x + e) + u(x — e) — £u(x + m) — Cj{x — m) = , x G C . (268) 

This equation is identical the equation for the resolvent in the matrix model (1231) . except 
that there is no potential on the right-hand side. However, the similarity suggests that we 
define the function 

G(x) = u{x + f ) - £b(x - f ) , (269) 
to match ([24"]) . This function is now an analytic function on T 2 with pairs of branch cuts 

Ct = Ci±f. (270) 

The equation (1268 j) then becomes a gluing condition 

G{x + f ± e) = G{x - f =f e) xeC . (271) 

Pictorially, the top/bottom of Cf is glued to the bottom/top of . So G is single-valued 
on a Riemann surface of genus A^ + 1 just as in the matrix model. 

We now prove that this curve is the Seiberg-Witten curve E. In order to do this, we prove 
that the period matrix has the form (HOI) . This itself follows from the existence of the 
multi- valued function z with the monodromies ( 1421) . In the present context, we will identify 



1 



p 



Z (P) = —J^ G(x)dx . (272) 
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It follows from (1267]) that 

/ dz = ^— [ dxfix) = 1 , (273) 
Ja 3 4 ™ J c . 

where Aj is a cycle encircling the top cut Cj as in Fig. [2j Now we consider the integral of 
dz over the conjugate cycle Bj which goes from a point on the lower cut x — y 6 Cj to the 
point x + y on the upper cut C+. For i 6 Cj, 



Ba J x 



2 ~ 



dz — I G(x )dx 



tin 



— (274) 



= J r dy f"{y) (7q(x - y) - \i'q{x -y + m)- \^{x -y-m)) = r 

independent of x, where the last equality follows from taking the second derivative of the 
saddle-point equation (12641) for x G Cj and using the relation (I263|) . 

From (12731) . it follows that dz = J2iLi u i an d therefore that the first iV rows and columns of 



the period matrix satisf 



■E 



N 



^n ij = r Vi = l,...,JV. (275) 

These are precisely the conditions on the period matrix fj40|) . We can view these TV equations 
as N conditions on the moduli {r^, Si} (the ends of the contours Cj). However, there are N 
additional conditions that arise from the constraints 

\ I dxxf"{x) = (p xdz . (276) 



We can therefore think of the aj as the moduli of the curve £ and notice that xdz is the 
Seiberg-Witten differential. 

So we have shown that the Seiberg-Witten geometry that we engineered out of the matrix 
model in Section 2 also describes the e — >• limit of the instanton partition function. 



11 la principal, one could have dz — u i + ^jv+i i f° r arbitrary A. The only effect of this is to re-define 

the coupling r and so we choose A = 0. 
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6.3.2 The theory with fundamentals 



In this section, we follow the same procedure using instantons to extract the Seiberg-Witten 
curve for the six-dimensional M = (1,0) theory with fundamental hypermultiplets compact- 
ified on the torus T 2 . 

The instanton partition function with Nf fundamental hypermultiplets is [5], 
Z(ai) = exp (^2%(ai - Oj) + ^7 e (dj - to/) J 

ij if 

x V g £ «i + - +£ «iv TT a ^ ai - aj + ~^ + q ~ gjj tt a ( a * ~ m/ + £ ^p + 9 ~ glj 

' (jCq . — a , + e(o — p)) J-J- (j(a. — rnt + e(q — p)) 



(277) 

In the last section we calculated this partition function (Eq(222) and Eq(223)) using the 
topological vertex formalism and the Chern-Simons theory. In order to take the e — > 0, we 
follow exactly the same steps as for the adjoint theory. We assume that in the limit, f"(x) 
is a density with N intervals of support along the contours f 1 2 5 5 j) in T 2 . The conditions 
( I256l) - fl258p continue to hold. The functional to be extremized, replacing (12601) . is 



£[/"] = -! / dxdyf"(x)f"(y) l0 (x-y) + lJ2 [ dx f"(x) lo {x - m f ) 
Jc f =1 Jc 

inr f N f 

— / dxx 2 f"(x) + ^Ai(aj - ~ I dxxf"{x)) . 

Jc i=1 Jd 



(278) 



This yields the saddle-point equation 



/ dyf"(y)^ (x - y) - ^7o(a; - to/) + mrx 2 + \x = x G Cj . (279) 
Jc f=i 

As in the Af = 2* case, it is convenient to introduce a resolvent defined by 

Q(x)= dyf'\y)dJog9 l (§- i (x-y)\p)-Y^d x \oge 1 (§ i (x-m f )\p) , (280) 

in which case the third derivative of the saddle-point equation has the form 

Cu(x + e) + tu(x - e) = , xeC. (281) 



A 



Figure 39: The cut T 2 on which the resolvent u(x) is defined. The contours Aj, j = 1, . . . ,N 
encircle the j th cut, while the contours Bj, j = 1, . . . , N — 1 join the j' th and j + 1 th cuts and return 
on the lower sheet. 

Notice that the resolvent (I280p is only well-defined on the torus T 2 if Nf = 2N, otherwise 
it picks up an additive ambiguity around the 5-cycle of the T 2 torus. This is presumably 
related to the anomaly of the six-dimensional theory unless Nf = 2N. 

The normalization condition (1256 j) requires 



where Aj is a cycle that encircles the j th cut, as illustrated in Fig. [391 In addition, for Xj G Cj 
consider the integral 



Cu(x)dx = / dyf"(y)(log9 1 (l i (x j+1 - y)\p) -log^f^- - y)\p)) = , (283) 



by the second derivative of (12791) . 

The solution of these conditions naturally leads to a curve which is the double cover of the 
torus T 2 for which the Ci are iV square-root branch cuts joining the 2 sheets. This geometry 
is illustrated in Fig. HOI There is a natural involution which exchanges the two sheets. In 




(282) 
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Figure 40: The solution involves a double cover of the T 2 torus joined by N branch cuts to create 
a surface of genus N + 1 . 

particular, we can trivially solve (1281ft if oj(x) is a meromorphic function which is odd under 
the involution and which has, in view of (I280p . simple poles at x = rrif of the form 

uj{x) = T — + 0(1) (284) 

X — 771/ 

on the top and bottom sheets, respectively. So Cj(x)dx is a 1-form on E whose only singular- 
ities are simple poles at mj, with residues =p27ri, on the bottom and top sheet, respectively, 
and whose integrals around the cycles Aj, j = 1, . . . , N and B~, j = 1, . . . , N — 1 are 



Cj(x)dx = —Arci , <h oo(x)dx = , (285) 

JBj 

where Bj is the cycle illustrated in Fig. [39] and the latter integral follows from (I283f) . 

Since the contour U^ =1 Aj can be pulled off the back of the top sheet, at the expense of 
picking up residues at the simple poles x = rrif, we have 

N „ N f 

u(x)dx = -2mN f , (286) 



N Jv f 

— A-niN = (j) uo(x)dx = — ® 
j=i J A i f=\ J m f 



3=1 ""i f= 
by (I284p . Hence, for consistency we find 

N f = 2N , (287) 

as we noted previously. 
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We claim that the unique solution to these conditions is 



u(x)dx = -2d\ogt , {28i 

where t is the function 

P(x) IP(x) 2 

c (289) 



with 



Hence, 



where 



VW) V 

N 2N 

P(?)=IlOi(&(?-Ci)\p) , Q{x) = \[6 1 (§ l {x-m f )\p) . (290) 
i=i f=i 

2 / „ . P(x)Q'(x)\ 



y 2 = p( x f - c Q(x) . (292) 

Notice that (12921) is precisely the curve we found from the web diagram in (183|) . Notice that 
we must also choose our x-origin so that 

TV 2N 

E^ = E m / ( 293 ) 
i=i f=i 

in order that o)(x) is valued on T 2 . From this solution, the density f"(x) is determined 
by (I267p once the cuts Cj are identified and where c a constant which is fixed in terms of 
the coupling constant r by substituting f"(x) in the second derivative of the saddle-point 
equation (12791) . The cuts are identified as follows. In the limit of weak coupling c — > and 
the roots of y = come in pairs on T 2 located in the vicinity of each x = Q. The roots near 
(j are the ends of the cut Cj. 

The geometry fl83|) . (I292p . is the Seiberg-Witten curve of the U(N) six-dimensional Af = 
(1, 0) theory with Nf = 2N hypermultiplets. The Q are moduli which are determined in 
terms of the a^'s by the conditions (I257P 



a j ~ 2 



\ I xf"(x) dx = I xu(x)dx = ^-l xy , (294) 
from which we deduce that A = xdt/(2irit) is the Seiberg-Witten differential. 
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Notice that the resulting curve £ is embedded holomorphically in T 3 x R defined by the 
coordinates (x,z = j^logt). In the M-theory picture, x and z are identified with the 
spacetime coordinates as in (1571) and the M5-brane is wrapped on the curve. 

7 6D SYM and the 5-brane 

We have seen that 6d (1, 1) supersymmetric gauge theory compactified on T 2 and mass 
deformed by the mass parameter m has an interesting moduli space. The moduli space is 
three dimensional, given by the complex structure of T 2 , p, the Kahler class of T 2 , r, and 
the mass parameter m. The two natural SL(2, Z) symmetries of r, p are combined to an 
Sp(4, Z) symmetry when m ^ 0. Note that this is a mass deformed NS 5 brane of type 
IIB compactified on T 2 . By a T-duality on one of the circles of T 2 this can be viewed as 
NS5-brane of type IIA compactified on T 2 with complex structure r and Kahler structure 
p. Or, lifted up to M-theory, this can be viewed as a mass deformed M5 brane wrapped on a 
T 2 . The dual description we have found can also be given an M5 brane description: namely, 
we have given the dual description as an M5 brane wrapped on a genus 2 curve embedded 
in T 4 , where the r and p are both complex moduli of this genus 2 curve. This is an amusing 
duality involving M5 brane where Kahler and complex structure on one side are mapped to 
complex parameters on the other side. 

It is also noteworthy that we have found a triality symmetry between (f , p, |^) = (r— p— 
Y^, y^)- The interpretation of this triality symmetry for the M5 brane theory wrapped on 
a T 2 would be interesting to understand directly. 
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